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The ball bearings that form part of mechanisms in space applications are subjected to 
vibrations. The result of these vibrations is gapping between the rings of the bearing. This 
gap allows collisions of the ball with the races, which produce high contact stresses. These 
high stresses can cause indentation damage on the ball and the raceways, and may lead to 
malfunction of the bearing, and therefore the mechanism the bearing forms a part. 
Previous studies have develop a 2-DOF model in order to predict gapping using for the 
calculation, the bearing stiffness predicted by a computer software called CABARET, with 
satisfactory results. In the present study the model optimized, as the comparison with 
available measured gapping values verifies, by the introduction of the non-linear stiffness 
to the existing prediction model. 
A method of contact stress prediction developed, based on the analysis oft he collisions 
between the ball and the rings of the bearing, considering the laws of conservation of 
energy and the laws of motion, involving evaluations of the closing velocity, the collision 
acceleration and the impact force. Comparison of the Hertzian stress predicted by the 
author showed better agreement to experimental indentation damage (made by another 
investigator), than the CABARET predicted stress. 
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Chapter 1 
Introduction 
This Chapter is the introduction to the thesis. Provides the aims of the current project along 
with a brief explanation of the chapters of the thesis. 




1.1 The need for research 
Mechanical components used in space applications are subjected to conditions such as 
extreme velocities, vibrations and the environmental conditions of the space vacuum. 
Especially during launch the vibrational forces c an reach extreme values, that can cause 
immediate failure or reduced component life. The design methods that work successfully in 
earth applications, cannot guarantee the same success in space applications. 
(Sarafin, 1995) (Fusaro,1991). 
Moreover space missions last for long periods of time and costs considerable amounts 
of money. A failed space mission results in significant financial loss, embarrassment and 
possible delay the fliture space missions. Therefore it is n ecessary to ensure that all the 
possible actions are made to reduce the risk of failure. 
From the engineering point of view, must be ensured that all the systems will work 
properly as long as the mission lasts. There is no margin for error, since a failure during the 
mission is in progress is usually impossible to be remedied. 
There are many anomalies presented in the past due to tribological problems. Well 
known is the failure of Galileo's high-gain antenna deployment due to loss of the MoS2 
lubricant film at the antenna rib and the supporting bracket (Miyoshi,1999)(Takano,1999). 
This was caused by extra ground transportation, since the original launch date was 
cancelled because of the Challenger tragedy. Another tribological failure, presented at the 
Japanese Geostationary Meteorological Satellite 3 (of the series GMS-1 to GMS-5), was 
the presence ofwear debris ofMoS2 solid lubricant in the ball bearings, supporting the 
minor rotational axis (Takano,1999) 
Experiences like those presented above as well as failures of mechanisms during 
testing before their launch ( GOES-NEXT, CERES, SPACE STATION BETA JOINT 
CYMBALS) (Miyoshi,l999)(Shapiro et al, 1995) show the need for research and testing of 
components and mechanisms in space applications (Haltner et al, 1994). 
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1.2 Aims of the current project 
This project is a continuation of a series of studies performed for the ESTL. On a previous 
study a 2-degrees of freedom model created in order to evaluate the occurrence of gapping 
on an angular contact ball bearing in space applications. This model had to use the bearing 
stifihess. The bearing stifthess was calculated by sophisticated computer software called 
CABARET. The model worked successfully, but it was believed that the introduction of the 
non-linear bearing stififiess instead of that calculated by CABARET produces even more 
accurate gapping predictions. Therefore, the first aim of this project was the introduction of 
the non-linear stifThess into the existing model. 
The analysis of the ball movement within the inner and outer rings of the ball bearing is 
another subject of importance from the tribological point of view, because the impact forces 
developed, can generate high contact stresses, a resulting from indentation of the balls and 
the rings, which can result in malfunction of the bearing. In order to calculate the Hertzian 
contact stresses using existing methods, the evaluation of the load, which in this case is the 
impact force between the ball and the ring is necessary. Therefore the second aim of this 
project was to apply a method that will evaluate the impact force, with the aid of which the 
Hertzian stresses can be calculated, relating the method with the results obtained for 
gapping 
In summary the aims of the current project are 
. The introduction of non-linear stiffuess into the existing 2-DOF model in order to 
predict gapping 
• A method that evaluates the Impact Force generated between the ball and the rings 
in an angular contact bearing, in order to calculate the Hertzian contact stress. 
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1.3 Chapters of the project 
This section provides a brief explanation of the chapters of the thesis 
The present chapter is an introduction to the problem 
• The second chapter is the literature survey. It provides information on the bearing 
types, bearing performance characteristics and bearing test methods that find 
application on space missions, using the existing literature 
• The third chapter provides the theoretical background of the methods used. Also the 
previous ESTL studies used in this project are presented. 
The fourth chapter presents the results obtained using the methods described in 
chapter 3 
• The fifth chapter provides a discussion on the results along with comparisons with 
experimental results obtained on the previous ESTL studies. 
• The sixth and last chapter contains the conclusions and recommendations for further 
work. 
13 
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Chapter 2 
2 Literature Survey 
This chapter presents the literature survey. The information related to the bearing types 
that find use in space applications, their performance characteristics, their test methods, as 
well as the information about lubrication ins pace is given in this chapter, b ased on the 
existing literature. 
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2.1 Types of bearings 
The common types of bearings used in space applications are: 
1) Ball bearings (including wire race and thrust types) 
Radial or Deep Groove or Conrand Bearings 
Angular contact bearings 
Four-Point-Contact ball bearings 
Wire race bearings 
Thrust ball bearings 
2) Roller bearings 
3) Plain, Spherical and rod end bearings 
4) Magnetic bearings 
5) Linear bearings 
2.1.1 BaIl Bearings 
Ball bearing as the name states refer to those bearings that consist of an inner raceway and 
an outer raceway separated by a complement of balls. There are several different types of 
ball bearings with respect to the application intended for (i.e. the type of load they intend to 
support). The different types of ball bearings will be discussed in more detail in the 
following sections. 
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Advantages: 
Due to the advantages that ball bearings have in respect of those suitable for use in space 
they are the most commonly used bearings in space applications. These advantages include 
• High load carrying capacity 
• Relative ease of lubrication 
• High stiffliess when preloaded 
• Low friction 
• Wide availability of sizes 
Typical applications: 
Ball bearings are used typically in spacecrafi systems such as high speed control 
momentum gyroscopes (liquid lubricated bearings) (sanders et al, 2000), space drive 
mechanisms like solar array drive assemblies or antenna drive mechanisms (solid lubricated 
bearings) (Nishimura et al, 1995) 
2.1.2 Radial or deep groove or Conrad bearings 
2.1.2.1 Description 
Deep-groove ball bearings are currently the most commonly used bearings but they find 
less use than angular contact bearings in space applications (Sarafin et al, 1995).Radial 
bearings, as their name makes clear, are designed to carry radial loads. Even though they 
perform well under combined radial and relatively small thrust load alone (Palmgren, 
1946). They offer a high load-carrying capacity due to the high osculation (i.e. percentage 
conformity) and relatively large ball diameter. For even greater radial load capacity double 
rows of balls can be used. 
7 
Numerical modelling of ball bearing st(ffness to predict contact stress caused by vibration 
induced gapping 
	 A. Papakonstantinou 
2.1.1.1 Applications 
According to "space tribology handbook" (ESTL, 1997) the radial bearings are used for: 
Applications which call for little or no axial load capacity 
Applications in which a high radial stifThess is required 
Wave-generator bearings on harmonic drives (bearing has a reduced section) 
2.1.3 Angular contact bearings 
2.1.3.1 Description 
Angular contact ball bearings are similar to the radial bearings, but with a contact angle that 
allows the bearing to accommodate combined loads in both the axial and radial directions. 
The contact angle is designed according to the ratio of the radial to the thrust load needed to 
be accommodated. A small ratio denotes high axial load, therefore, a large contact angle is 
needed. On the contrary for large radial to axial load ratio a small contact angle is needed. 
The thrust contact angle generally does not exceed 400 
 (Palmgren, 1946) . The bearings 
generally have groove curvature radii in the range of 52 to 53 % of the ball diameter 
(Harris, 1966). 
Angular contact bearings usually mounted in duplex pairs, in back- to- back and face- to-
face arrangements in order to accommodate axial loads in both directions, and increase 
bearing stiffhess due to preload. 
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Figure 2.1 Angular contact bearing 
Figure 2.2 Tandem-mounted pair of angular contact bearings 
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Figure 2.3 Face-to-face mounted pair of angular contact bearings 
2.13.2 Applications 
According to "space tribology handbook" (ESTL, 1997), angular contact bearings 
used for high stiffhess high precision applications (e.g. where accurate positioning with 
high stiffliess is required). 
2.1.4 Four-Point-Contact ball bearings 
2.1.4.1 Description 
Four-point contact ball bearings are single row angular contact ball bearings having 
raceways that are so designed that the bearings can support axial loads acting in both 
directions (SKF). A four-point-contact ball bearing is called so, because there are four 
contact points between a ball and races. This is achieved due to the design of the races, 
where each one has 2 radii, whose centres are offset from the plane oftheball centres. 
(ESTL, 1997). 
10 
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2.1.4.2 Applications 
According to "space tribology handbook" (ESTL, 1997) four-point-contact ball 
bearings are used for: 
Applications which call for high radial, axial and moment stifihess 
High stifthess coupled with low weight and size (for thin section bearings) 
Large diameter, hollow shafted mechanisms that need to accommodate 
mechanical and electrical devices within the shaft (bearings in thin-section 
form) 
Figure 2.4 Cross section of a four point contact bearing 
2.1.5 Wire race bearings 
In a wire race bearing four hardened spring or stainless steel wires are replace the 
conventional raceways of a four-point contact. The wires are supplied machined to be 
conformal with respect to the ball and are located in the corners of the bearing housing 
11 
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(ESTL, 1 997).The application area of the wire race bearings is limited to low precision 
assemblies. 
2.1.6 Thrust ball bearings 
All the ball bearings with contact angles greater than 45 0 are classified as thrust 
bearings. When the contact angle is 90 ° no radial load can be supported. Their use in space 
applications is limited, where axial loads are applied and there is no concern as to the radial 
stiffhess (ESTL, 1997).. 
2.2 Roller bearings 
Roller bearings are used for applications requiring exceptionally large load-
supporting capability. As their name states they have rollers instead of balls. Roller 
bearings are stiffer than ball bearings and provide greater fatigue endurance, but they 
require greater care in mounting and accuracy of alignment (Harris, 1966). Cylindrical 
roller bearings have high radial-load-capacity and used in such applications. Needle 
roller bearings are cylindrical roller bearings with large roller length to diameter ratio. 
They are used in applications in which radial space is at a premium. Tapered roller 
bearings can support combinations of large radial and axial loads or axial loads alone. 
They are alternatives to angular contact ball bearings for high loads. 
2.3 Plain, Spherical and rod end bearings 
Spherical bearings are internally self-aligning and they have high load carrying capacity. 
They are designed to carry radial loads, but they can also accommodate small axial loads. 
Rod 	 end 	 bearings 	 can 
	 carry 	 strictly 	 radial 	 loads 	 (ESTL, 	 1997). 
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2.4 Magnetic bearings 
Magnetic bearings have been developed in recent years and although they are not used 
excessively they are considered as the bearing of the future in space applications. There are 
no balls or rollers on them, but they use instead opposing magnetic fields.(NASA) 
2.5 Linear bearings 
There are three types of linear bearings: linear slider bearing, in which there are no rolling 
elements, linear ball bearing, single row or multi-row, and linear roller bearing, in which 
the rolling elements are rollers. Their use in space applications is rare. (ESTL, 1997) 
2.6 Lubrication 
An important aspect for the proper operation of the bearings is the lubrication. Failure 
to lubricate can lead to failure of bearings. "Lubricants for use in space must meet one or 
more requirements: (1) low coefficient of friction, (2) constant coefficient of friction, (3) 
mitigation of wear, especially if the mission is one of long duration" (Haltner et al, 1983). 
There are two types of lubricants: 
1. Liquid and grease lubricants 
2. Solid lubricants 
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2.7 Liquid and Grease Lubricants 
2.7.1 Types of liquid lubricants 
There are two types of liquid lubricants: 
a) Mineral oils 
b) Synthetic oils 
2.7.1.1 Mineral oils 
Mineral oils have a wide range of terrestrial applications, but their use in space is 
limited to sealed lubricant systems due to their high vapour pressure. 
2.7.1.2 Synthetic oils 
Synthesized hydrocarbon fluids or polyalphaolephines (PAO): They are chemically 
similar to mineral oils, but have lower vapour pressures. Can be blended with conventional 
additives to provide wear, oxidation and corrosion protection. 
Perfluorinated oils (perfluoroalkylpolyethers - PFPEs): they comprise long-chain linear 
polymers build up from carbon, oxygen and fluorine atoms. Their use in space applications 
is extensive due to their very low vapour pressures. 
Multiply alkylated cyclopentanes (MAC): They prepared from dicyclopentadience by 
reaction with aliphatic alcohols. Their use in space has little heritage. 
Synthetic esters: a group of compounds of which polyol or neopenthyl esters have 
generated the most interest. They have little heritage in space. 
Silicones: They had extensive use in early space mechanisms, because of their low vapour 
pressure, low pour point and high viscosity index. There are no longer serious candidates 
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2.7.2 Greases 
Greases are in the same category as the liquid lubricants, because the lubrication is 
achieved by the liquid that forms the grease. The difference is that the liquid is mixed with 
a thickener in order to give a semi-solid product. Greases are used for a variety of space 
applications: low-to high-speed, angular contact ball bearings; journal bearings; and gears 
(Fusaro, 1994). 
2.8 Solid Lubricants 
2.8.1 Applications 
The typical applications of solid lubricants in space include the lubrication of the 
following mechanical components: rolling element bearings, journal bearings, gears, 
bushings, electrical sliding contacts, clamps and latches, bolts, seals, rotating nuts, robotic 
and telescopic joints, backup bearings, fluid transfer joints, various release mechanisms, 
valves, and harmonic drives (Fusaro, 1994). 
Types of solid lubricants 
The types of solid lubricants used in space applications are: 
Soft metal films: gold, silver, lead, indium, and barium. 
Lamellar solids: molybdenum disulfide, tangsten disulphidc, cadmium iodide, lead iodide, 
molybdenum diselenide, intercalated graphite, fluorinated graphite, and pthalocyanines. 
Polymers: PTFE, polyimides, fluorinated ethylene- propylene, ultra-height-molecular 
weight polyethylene, polyether ether ketone, polyacetal, and phenolicand epoxy resins. 
Other low-shear-strength materials: fluorides of calcium, lithium, barium, and rare 
earths; sulphides of bismuth and cadmium, ond oxides of lead, cadmium, cobalt, and zinc. 
(Fusaro, 1994) 
2.9 Performance Characteristics 
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For the bearings used in space applications the most important performance 
characteristics are the mean torque (Coulombic torque), the stiffhess, and the contact stress 
(Lewis). A number of factors such as the geometrical characteristics, the choice of the 
preloading system, and the thermal environment, influence the operational performance of 
bearings. The methods used to predict bearing performance and fatigue life of the 
component are both theoretical and experimental. The theoretical methods which can 
predict the bearing behaviour are good design tool, in an early stage, but since there are 
phenomena that cannot be taken into account in modelling, realistic testing is appropriate in 
order to verify the predicted values. Since the ball bearings are the dominant type of 
bearings used in space applications they are considered here in order to present the main 
theoretical as well as test methods for predicting bearing performance characteristics. 
2.10 Theoretical methods 
There are two numerical methods used for calculation of coulombic torque. These are the 
Non- interactive model (NIM) and the Simplified interactive model (SIM). Both methods 
are required in order to cover the wide range of bearing types. Usually one of the models is 
significantly closer to experiment than the other, depending on the bearing type (Todd, 
1990). 
2.11 Components of coulombic torque 
The components of coulombic torque are: 
Heathcote or conformity microslip due to the differential velocities of the raceway 
across the contact ellipse 
• Spinning of the ball about a normal to the Hertzian contact area ( microslip can arise 
from partial spin) 
• Sub-surface hysteretic losses due to stress cycling of material flowing beneath the 
contact (Todd, 1990). 
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2.11.1 	 Assumptions 
Non- interactive model (NTM) 
• Saturation spin occurs at only one contact (that with the lesser spin moment) 
. At the other contact there is only pure rolling and no spin (i.e. conformity microslip 
with allowance for stick and slip regions). 
Simplified interactive model (SIM) 
Microslip from spin and conformity ( Heathcote) occur together at both contacts. 
Except at the bands of no slip, there is complete slip over the whole contact area 
(i.e. regions of stick due to elastic compliance are neglected) 
Microslip due to spin, in a direction perpendicular to the rolling direction is 
negligible compared to that in the roll direction. 
(Todd, 1990). 
2.12 Methodology 
The basic methodology is the following (Todd, 1990). 
. All the forces and moments acting on the balls are in equilibrium. The calculation of 
forces is based on a numerical method , which varies the ring deflections until 
convergence occurs. Convergence is defined, when internal and external forces ( 
and moments) are equal. 
• Bearing mean torque predictions are made by the summation of the forces and 
moments generated by frictional effects within each ball- raceway contact ellipse. 
All three frictional energy dissipation mechanisms, conformity microslip, ball spin 
and sub-surface hysteresis, are taken into account. The resulting frictional effects 
can be balanced and an equilibrium achieved. 
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The resulting torque prediction is called Coulombic torque. The Coulombic torque is 
applicable to solid lubricated bearings, and to liquid lubricated bearings with low 
operational speeds, it cannot be used for liquid lubricated bearings operating on mixed or 
hydrodynamic regimes. 
2.12.1 	 Limitations 
In the theoretical predictions there are some limitations (Todd, 1990).: 
. The torque prediction relies on an assumed sliding friction coefficient, which has 
some non-quantifiable natural variability. 
• Some non-quantifiable uncertainty to the predicted torque can be added by a non-
uniform ball loading due to form errors, misalignment or ring flexure. 
. The presence of the cage will inevitably produce a torque increase within the 
bearing. 
• Ball-race contact stresses generated due to preload, have to taken into account since 
torque is a function of contact stresses. 
2.13 Geometrical parameters 
The geometrical parameters that are taken into account in a ball bearing design are 
1. Ball size (PCD) 
2. Ball complement 
3. Ball diameter 
4. Conformity number 
5. Free contact angle. 




2.13.1 	 Ball size 
The variation of the PCD has negligible effect on torque, stiffhess and contact stress, when 
dealing with purely axial loads. This assumption is correct with the exception that a larger 
PCD implies larger inner and outer race diameters, having as result the corresponding 
changes in maximum ball-race contact stresses (increasing outer race contact stress, 
decreasing inner race contact stress due to the changing effective radius of curvature) 
(ESTL, 1996) 
2.13.2 	 Variation of Ball Complement 
An increase in the ball complement produces a corresponding decrease in ball race normal 
contact force for each ball, and hence a reduction in peak contact stress. The bearing axial 
stiffliess is directly proportional to the ball complement and the operating contact angle is 
inversely proportional. The bearing torque also is proportional to the ball complement. 
(ESTL, 1996) 
2.13.3 	 Variation of ball diameter 
The bearing torque the axial stifthess and the contact stresses are proportional to the ball 
diameter. (ESTL, 1996) 
2.13.4 	 Variation in Conformity Number 
The conformity number (i.e the ratio of the radius of the track to the radius of the ball, 
which always exceeds 1 and usually ranges from 1.03 to 1.15) is inversely proportional to 
the the bearing torque and the axial stiffliess whilst is proportional to the peak contact stress 
(since increased conformity reduces the size of Hertzian contact). (ESTL, 1996) 
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2.13.5 	 Variation in Free Contact angle 
The bearing contact angle is proportional to the axial stiffhess. By increasing bearing 
contact results to reduced normal loads on the balls, so reduced Hertzian contact stresses. 
The net effect is that increased contact angle reduces mean bearing torque. (ESTL, 1996) 
Graphs for the effect of the variation of contact angle, as well as of variation of ball 
diameter, and of ball complement, presented in chapter 3. 
2.14 Test methods 
Although the theoretical predictions are a useful design tool at an early stage it is necessary 
that the results should be verified by realistic testing of the component. In the particular 
case of ball b earings, iii s p  ossible to p  erform complex oscillation profiles. This c an be 
done by a tribometer test, which generates the oscillation profile and also simulates the 
space enviromnent (i.e. pin-on-disk placed on a vacuum chamber), but it is unlikely that a 
full representation of the component in operation could be achived by a simple tribometer. 
(ESTL, 1996) 
A mechanism test on the mechanism which the bearing forms a part of is possible, but in 
many cases this approach is not very practical, as the mechanism may mask or even alter 
the performance of the individual components (ESTL, 1996)For this reason testing on 
component level has to be performed. 
2.14.1 	 Test Environment 
There are two basic parameters on space simulation tests. These are temperature and 
vacuum pressure (ESTL, 1996). At geostationary orbital height the vacuum level is in the 
order of 10 torn However as a result of the out-gassing of materials that emit gases such 
as water vapour and carbon monoxide, a geostationary spacecraft will experience higher 
pressures of the level of 1040 
 ton close to the spacecraft exterior surfaces and between 10.6 
to 10.8  within partially sealed mechanisms located inside the spacecraft. (Roberts, 1990) 
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2.14.2 	 Test chamber 
The tests performed inside a test chamber where the environmental parameters can be 
simulated. The desired test environment defines the test chamber will be used. For inert gas 
environment , the test environment may be as simple as a perspex box purged with dry gas. 
For a vacuum environment, a more complex chamber is required, usually a steel chamber 
with an associated pumping system. (ESTL, 1996). 
2.15 Factors that influence the frictional forces and coefficients 
The frictional forces of bearings in space application are dependent on the lubricants used. 
Therefore the factors that influence the lubricants are affect the frictional forces on the 
bearings. It is important to know that two materials in contact do not have a unique 
coefficient of friction . Friction has not a specific value for a given material, its value 
depends on factors such as the roughness of mating surfaces. These factors can be taken 
into account only if we understand the lubrication mechanisms 
2.16 Lubrication Mechanisms 
2.16.1 	 Liquid lubrication 
In liquid lubrication there are four defined regimes: h ydrodynamic, e lastohydrodynamic, 
boundary and mixed. Figure 2.5, known as the Stribeck- Hersey curve, shows the 
coefficient of friction in respect of viscosity, velocity and load. The friction coefficient is 
proportional to the oil viscosity Z the relative velocity V and inversely proportionsl to the 
load L. 
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Figure 2.5 Coefficient of friction as function of viscosity-velocity-load parameter 
(Stribeck Hersey curve) (Fusaro, 1994) 
2.16.1.1 	 ilydrodynamic lubrication 
The first regime is known as hydrodynamic lubrication. In hydrodynamic lubrication the 
surfaces are completely separated by the fluid film which fully supports the load. 
Hydrodynamic lubrication depends upon three factors: the viscosity oft he lubricant, the 
convergence of the surfaces and the speed of the lubricated surfaces (ESTL, 1997). 
2.16.2 	 Elasto- hydrodynamic lubrication (EHL) 
The phenomenon of elastic deformation of the mating surfaces can occur when a load of 
significant size imposed on a contact. This regime has a great interest because rolling 
element bearings are non conforming machine elements. 
The nominal point contact (as occurs between two crossed cylinders) or line contact 
changes into a footprint. In order to consider that EHD prevails the area of the footprint 
must be significant in comparison with the hydrodynamic film thickness (Arnell et al, 
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1991). This produces a "flat" on balls, with the load carried by a pressure spread over this 
flattened area. Then the two surfaces, when they are in motion, drag lubricant into the 
convergent inlet zone which passes through the flattened zone, to emerge in the diverged 
zone where cavitation takes place (Arnell et al, 1991). The presence of the film does not 
significantly affect, in many cases, the size or the shape of the flattened area and the 
Hertzian pressure distribution cannot essentially change. The lubricant is subjected to an 
increasing pressure, as it passes through the gap. Under the high pressures generated the 
lubricant properties are different from those of the bulk liquid (Bhushan et al, 1991). An 
enormous increase in viscosity may occur in most fluids (water is a notable exception). As 
result of this increase of viscosity the lubricant behaves more as an amorphous solid than a 
liquid. The result of both these phenomena is drastically to increase the load-carrying 
abilities of the lubricated contact relative to that for rigid body, isoviscous theory (Arnell et 
al, 1991). 
2.16.3 	 Boundary lubrication 
In boundary lubrication asperity contact between the sliding surfaces takes place, and the 
lubrication process becomes the shear of chemical compounds on the surface. This regime 
is dependent on lubricant additives within the oil that produce compounds on the surface 
which have the ability to shear and provide lubrication. Boundary lubrication is highly 
complex, involving surface topography, physical and chemical adsorption, corrosion, 
catalysis, and reaction kinetics (Fusaro, 1994). 
One way of presenting boundary lubricants to surfaces is via grease. Greases are liquid 
lubricants mixed with a thickening agent. The thickener improves the rheogical properties 
and may provide boundary lubrication properties of its own (ESTL, 1997) 
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2.16.4 	 Mixed lubrication 
This regime is the transition state between the fluid film lubrication and the boundary 
lubrication. It is called mixed, because it consists of some elastohydrodynamic and some 
boundary lubrication. (ESTL, 1997) 
2.17 Solid lubrication 
Solid lubrication is essentially the same as liquid boundary lubrication. The difference is 
that there is no liquid carrier to resupply a solid material to the surfaces to produce a 
lubricating solid film (Fusaro, 1994). There are two ways of achieving solid lubrication. 
The first is a part of the bearing can be made by a solid lubricant, as for example the with 
self lubricating cages in ball bearings. The second method is that a solid film can be applied 
to one counterface, as with techniques such as sputter deposition (Roberts, 1990) 
The first method produces a discontinuous, uneven in its thickness and poorly adherent 
film. It provides a lubrication that is characterized by appreciable variations in friction 
coefficient (thus for example ball bearings so lubricated exhibit a noisy torque). 
The second method, in contrast, produces a thin, continuous lubricant film of nominally 
uniform thickness which, if correctly applied, is well adhered to the substrate. The reasons 
that such films are used in spacecraft mechanisms are: 
a) Low shear strength materials confer their lowest friction when present as films of 
thickness in the order 1 sm. Such low-friction films ( and those of low frictional 
noise) are necessitated in applications which call for low power dissipation and low 
torque noise, such as the cryogenic devices and precision pointing mechanisms 
respectively. 
b) Because o ft heir t hinness they can be applied to the most finely machined t ribo-
components without detracting from the components precision (Roberts, 1990) 
According to Roberts (1990) friction arising between solid lubricating bodies is described 
by the equation 
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Friction coefficient = sA / W 
Where 	 s is the shear strength of the lubricant film 
A is the true contact area 
W is the normal contact load 
Small contact areas can be achieved by ensuring that the solid lubricant is applied in the 
form ofthin( in the order ofi jim) films onto substrates ofhigh elastic modulus and 
hardness Under these conditions the contact load will largely be supported by the hard 
contact materials and the true contact area will, in consequence, be small. For a smooth 
sphere sliding under elastically loaded (Hertzian) conditions against a smooth, flat substrate 
coated with a thin film: (Roberts, 1990) 
Friction coefficient = Is / W 1/3 3R / E* I 
Where 	 R is the radius of the sphere 
E is the effective elastic modulus of the contact materials 
The effective elastic modulus is given by: 
1 	 1—v1 + 2 1—v -  
where E 1 , E2 are the modulus of elasticity of the two bodies 
v 1 , v2 are the Poisson's ratios 
For a given contact geometry equation shows that: 
a) Friction varies linearly with film shear strength 
b) Friction decreases with increasing contact load 
c) Friction is determined by the substrate material to which the film is applied 
such that the higher the elastic modulus of the substrate materials the lower 
the friction 
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d) The methodology is applicable to semi-infinite solids or coated surfaces 
with thick layers. (Roberts, 1990). 
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Chapter 3 
3 Theoretical background and previous studies 
This chapter provides the theoretical background to the project. The theories used are stated 
here along with explanation of the formulae and their derivation. 
In this chapter, there are also the references to the previous ESTL studies, the results of 
which are used in the current thesis. 
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Gapping in ball bearing is called the phenomenon of the creation of a "gap" between the 
ball and the raceway, due to bearing vibration. More specifically, in space applications, the 
bearings are preloaded in order to achieve the desired mechanism stifthess. There are two 
types of preloading system, soft and hard preloading. 
Hard preloading: This type of preload is used, when very high stififiess during satellite 
launch is desired. It is achieved by the use of matched bearings. In this type of preloading 
the off-loading which results in gapping occurs, when the axial load exceeds the preload by 
a factor of 2.83, when dealing with angular contact ball bearings. 
Soft preloading : In this type of preloading a spring or diaphragm is used in a way that the 
preloading is achieved by the spring compression. The off-loading in this case occurs when 
the spring is in the load path. The off-loading occurs in the second bearing of the pair, when 
the spring preload is overcomed. 
3.2 Mass-spring model 
A mass-spring model with two degrees of freedom was constructed by Sven Sochting and 
Simon Lewis of ESTL, in order to determine the relationship between bearings gapping and 
acceleration level. This model helps to define the correct acceleration levels for the 
vibration test. Figure 3.4 shows the 2-degree-of-freedom mass-spring model of bearing test 
housing with harmonic force input. 
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Figure 3.1 Mass- spring model 
In this model, the housing assembly is assumed to be an un-damped structure subjected to a 
harmonic force input. m1 is the mass of the shaft including the outer races, clamp rings and 
fasteners. m2 is the mass of the outer housing assembly, including the outer races, the balls 
and clamp rings and all the fasteners. The shaft assembly mass total (m i) is 1.9 Kg, and the 
outer housing assembly mass (m 2) is 0.783 Kg. 
An appropriate software called CABARET analysis used in order to derive the values of 
bearing stiffhess. Experimental data used to verify the CABARET analysis values. 
Experimental verification was performed by identiing the natural frequency f, with a 
sine sweep test on the assembled bearing housing. 
Then by using the equation (lewis et al, 2002) 
k(2mf)2 m2 	 [3.1] 
the bearing stiffness k can be calculated. This method gives a constant stiffness value 
dependent on the natural frequency and the mass of the outer ring. 
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5-ball 9 . 85*106 N/A 
9-ball 1.64*10/ 1.73*107 
14-ball 2.6*107 2.4*107 
Table 3-1 Stiffness predictions 
The input force according to Newton's second law of motion is given by 
F = (m i +m2) a 
	
[3.2] 
Where a is the input acceleration 
For two-degrees of freedom system the equations of motion can be written: 
mlxi + k (x i - x2) = Fsin((ot) [3.3] 
m2x2 - k(xi - x2)= 0 	 [3.4] 
The solution of normal mode vibrations is described by the equation 
x=Asin((ot) 	 [3.5] 
Where A is the amplitude 
Since in normal mode the whole system vibrates at one of the natural frequencies the twice-
differentiated equations of the responses have the form: 
xi = -0) 2A1 sin (cot) = - w 2x 1 	 [3.6] 
= -0)2A2 sin ((ot) = - w 2x2 	 [3.7] 
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where Xi  and %2  are the accelerations associated with x1 and x2 
By substituting the expression of displacement and accelerations into the equations of 
motion: 
-w2m1A1 + k (A1 - A2) = A1 (k -co 2m1) - kA2 = F 	 [3.8] 
-w2m2A2 - k (A1 - A2) = A2 (k -co 2m2) - kA1 = 0 	 [3.9] 
Solving for A1, A2 
A1 = F(k -co 2m2) / (k -co 2mi) (k -c) 2m2) - k2 	 [3.10] 
A2 = Fk / (k -(o 2mj) (k -(021112) - 	 [3.11] 
The relative displacement is given by AA 
d=AA=A2—A1] 	 [3.12] 
Therefore: 
d= - Fo) 2m2 / (k -0)2m1) (k -(021112) - k 2 	 [3.13] 
From the last equation it can be seen that the model is not applied when the denominator is 
zero (relative displacement of the rings tends to infinity, something impossible). 
The denominator is 
(k -w2mi) (k 
-0)2m2) - k2 
yiT; A 
w2 (2  m1m2 - ITh - km2) 
The sign of the denominator depends on 
m1m2 - k(mt + m2) 
The ratio mim2i(mj + m2) is 1.8 
Therefore, when: 	 1.8@2 =k 	 [3.14] 
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the denominator is zero. This means that gapping tends to infinity. This will result to a 
bearing failure. This graph behaviour is not probably due to physical phenomena, since that 
behaviour occurs at values well above the natural frequency, and therefore the tuning 
cannot considered responsible. Probably is a disadvantage of the method that the equation 
[3.13] cannot cover the values where [3.14] applies. 
3.3 Vibration test 
in the previous program of studies vibration tests were performed by Sochting and Lewis 
for a SNFA SEA 65 angular contact bearing pair. The test performed for constant 
frequency of 500 Hz and input acceleration range from ito 100 g. Mother test series was 
performed, considering constant input acceleration of 20, 25 and 30g and frequency range 
from 100 to 600 Hz. Therefore, all the gapping measurements used on the thesis are from 
the above tests. The table below summarizes the main characteristics of the bearing pair 
used. 
SNFA SEA 657 CE I FFL 
Bore (mm) 65 
Outer diameter (mm) 85 
Bearing Width (mm) 10 
Standard Ball Complement 29 
Test Ball Complement 9 
Contact Angle (degrees) 15 
Preload (with fill ball diameter, N) 71 
Conformity No (inner and outer) 1.04 
Ball Diameter (mm) 5.555 
Bearing material 52100 steel 
Table 3-2 SEA 65 Specification 
3.4 Raceway damage 
The impact forces due to the collisions between the ball and the races have as a result 
indentations on the bearing raceways. Indentation damage as accepted by ESTL (Lewis et 
al, 2002) occurs at stresses of 4.2 OPa (ISO 76 stress limit). Previous ESTL study contacted 
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by Lewis suggests that indentations are not visible on cleaned grease lubricated bearings 
(SEA 65) until a Hertzian stress of 5.5 - 6 GPa is reached (Sochting et al, 2004). 
Indentation measured in the previous study will be discussed in chapter 5. 
3.5 Theoretical background to the current study 
The objective of the current study is the introduction of non-linear stiffness into the existing 
mass-spring model. The term non-linear stiffness means that the bearing stiffness is 
changing with respect to the applied force. It is believed that the introduction of the non-
linear stiffness term into the gapping prediction equation will result in more accurate 
prediction than with the CABARET stiffness term. This will be examined by the 
comparison of the two predictions with measured gapping values. The measured values are 
obtained by experiments performed by Sven Sochting in the previous programme of 
studies. 
The second objective is the study of collision forces between the ball and the races of the 
bearing and the Hertzian stresses developed, in relation with the gapping prediction values 
obtained. 
16 Evaluation of bearing stiffness 
The evaluation of the non-linear bearing stiffhess is based on the equations described by 
Palmgren in1946 and since used in all the related literature. 
The non-linear bearing stiffness iy is given by 
dF 
 [3.15] 
Where F is the applied load and S is the bearing deflection 
since the force can be expressed as 
33 
Numerical modelling of ball bearing st?ffness to predict contact stress caused by vibration 
induced gapping 	 A. Papakonstantinou 
V F = KS 2	 [3.16] (Parssinen, 1998) 
Where K is the stiffhess coefficient 
Then, by substituting [3.16] into [3.17] and differentiating: 
[3.17] 
3.6.1 Angular contact bearings 
For angular contact bearings under thrust load (equally distributed) 
[3.18] 
Zsrna 
where Q is the rolling element load 
F is the applied load 
Z is the number of rolling elements per row 
a is the contact angle 
The axial deflection of the bearing under purely axial load is 
=4.4x1O [3.19] 
sin a 
where D is the ball diameter 
34 
Numerical modelling of ball bearing st?ffness  to predict contact stress caused by vibration 
induced gapping 	 A. Papakonstantinou 
From equations [3.18] and [3.19]: 
4.4 x 10 7 F)' 
= 	 2' 1' 	 5' 	 [3.20] 
z/3 D/2 
 sin" a 
Substituting [3.20] into [3.15] the bearing stififiess equation becomes 
= 2.27 x 10 6 FaXZ%D 1'13 s in < a 	 [3.21] 
Therefore by applying equation [3.21] the bearing stiffliess of a single angular contact 
bearing under central axial load can be calculated. 
The proportionalities observed by the above equation are: 
a) w  is proportional to the applied force 
b) w  is proportional to the number of balls 
c) w  is proportional to the ball diameter 
d) iy is proportional to the sin of the contact angle 
Those proportionalities are shown clearly in the following graphs. The study applies to the 
SAE 65 bearing of the SNFA catalogue, in respect of the masses, but for the observation of 
the stifihess characteristics, alternative ball complements, ball diameters and contact angles 
have been examined. 
Graph 3.2 shows the effect of changing the applied load. 
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Figure 3.2 Applied load - Bearing stiffness graph 
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Figure 3.3 Ball complement - Bearing stiffness graph 
Figure 3.4 shows the effect of changing the ball diameter. 
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Figure 3.4 BaIl diameter - Bearing stiffness graph 
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Figure 3.5 Contact angle - Bearing stiffness graph 
Analysing the above graphs, it can be seen that the stififiess graph concaves down by 
increasing the applied force, the ball complement and the ball diameter (maintaining all the 
other parameters constant each time), while the graph concaves up by increasing the contact 
37 
Numerical modelling of ball bearing st(ffness to predict contact stress caused by vibration 
	
induced gapping 
	 A. Papakonstantinou 
angle. That concludes, the rate of change (increase) of the bearing stifthess is directly 
proportional to the contact angle and inversely proportional to the applied force, the ball 
complement and the ball diameter. That can be also seen by the first derivative of the 
stiffhess equation, with respect to the variable in question each time. 
The derivative of the stiffness with respect to the applied force is 
= 2.27x io x Z Y3 x D Y3 x sinY3 ax'x 	 [3.22] 
The graph obtained (Figure 3.6) by this equation shows the rate of change of the bearing 
stifThess with applied load. 
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Figure 3.6 Rate of change of bearing stiffness with applied load 
Similarly the rate of change of stiffliess with ball complement is given by 
= 2.27 x 10 x F.Y3 x DX xsin"3 
' 
ax xZ 2 	 Equation 3.23 — 
3 
which provides the graph 
gI3 
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Figure 3.7 Rate of change of bearing stiffness with ball complement 
The rate of change at lower values is practically impossible. That strange behaviour of the 
graph is due to the 5-ball complement used which is only for calculation purposes and 
never used in bearing design. 
The rate of change of stifffiess with ball diameter is given by 
= 2.27 x10 7 x ZY,  x F.Y3 x sin4 ax 'x D1<) 	 [3.24] 
3 
and the graph produced is 
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Figure 3.8 Rate of change of bearing stiffness with ball diameter 
The rate of change of stiffhess with contact angle is 
5, 	 5 
w'=2.27x10 7 xZ x DX x J sin M ax—xcosa [3.25] 
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Figure 3.9 Rate of change of bearing stiffness with contact angle 
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The use of the above graphs is that possible sources of error can be identified. High rates of 
change denote high error risk, whilst for lower rate of change values that risk is reduced. 
More specifically analysing the information, given by the above graphs, follows that: 
Figure 3.5 shows the rate of change of bearing stiffhess with the applied load change. For 
small loads the rate of change is high, decreasing for higher load values. This means that a 
possible error on the applied load measurement will result to a significant error on the 
bearing stiffhess prediction for low applied load values, while a similar measurement error 
on the applied load for higher load values will result to less significant error on bearing 
stiffhess prediction. 
Similarly fig 3.6 shows the rate of change of the bearing stifthess with the ball complement. 
For low number of balls (5-ball complement) the rate of change is high while for ball 
complements of 10 balls and higher the rate of change of stiffhess is significantly lower. 
Therefore a possible error in ball complement (which is very unlikely to happen in real life 
conditions) will result to more significant error on stifthess prediction for low ball 
complements than for higher. 
The rate of change of the bearing stiffhess with the ball diameter (fig 3.7) behaves in the 
same manner as for the applied load and ball complement change, with the difference that 
in this case the rate of change declines almost constantly. That means a possible error on 
the ball diameter value will produce more significant error in stiffhess prediction for 
smaller ball diameters, butt he difference since the decrease i s almost constant is not as 
dramatic in relation to a similar change on applied force. 
The rate of change of bearing stiffliess with the contact angle (fig 3.8) is increasing almost 
constantly. So a possible error on the contact angle characteristic provides less significant 
error on the stiffness prediction for smaller contact angles. That means assumption that the 
contact angle remains constant at 150  while the actual contact angle has increased has lower 
error risk than a similar assumption for a 25° angle. 
The following table summarises the error risks on the bearing stiffness prediction caused by 
errors on the four characteristics 
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Applied force (N) HIGH to VERY LOW 
HIGH 
Ball Complement HIGH to VERY LOW 
HIGH 
Ball Diameter (m) HIGH LOW 
Contact Angle LOW HIGH 
Table 3-3 Stiffness prediction error risk 
3.6.2 ANGULAR CONTACT BEARING PAIR 
The specific case under investigation is that of an angular contact bearing pair face-to-face 
mounted. 
According to the literature (Harris, 1966) the bearing stifThess is affected by the preload of 
the pair. This means the preload amount has to be added to the external axial force in the 
calculations. 
F=P+F 	 [3.26] 
where F is the total axial load 
Fa is the axial load 
F is the axial preload 
After the external force reaches the amount of preload the preload is "removed" and only 
the external force is taken into account in the formulae. 
By reaching the value that the preload is removed the pair is acting as a single bearing. 
Therefore the bearing stiffness for the angular contact bearing pair is 
w = 2 . 27 x 10 6 FXZD% sins a [3.27] 
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where F=F0 +F for 2.83F> Fa 
and F=Fa  for 2.83F:5 F. 
3.6.3 ASSUMPTIONS 
In the above analysis a number of assumptions have been made: 
The bearing is subjected to purely axial load. 
. The load is distributed equally to the balls (not practical, but used for simplicity of 
the calculations) 
. The contact angle remains constant as in the unloaded condition ( also not practical, 
but used for simplicity) 
3.6.4 Other bearing types and load conditions 
The above analysis described can be applied to different bearing types and load conditions. 
The general stiffliess equation [3.15] is the same, but the equations of load distribution and 
bearing deflection differs for different bearing types and load condition (e.g. non-eccentric 
load, radial load, combined load). Dealing with radial bearings under purely radial load, the 
analysis is similar to the one presented for the angular-contact bearings under purely axial 
load. 
For bearings, where the load is not acting in the centre of the bearing (hence the load is not 
equally distributed among the rolling elements) or under combined load the analysis is 
more complicated, because factors such as the eccentricity factor and the load integrals 
taken into account. (Changsen, 1991) 
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3.7 Evaluation of Hertzian stress 
In angular contact bearings the ball carries load through elliptical contact areas [Sarafin et 
al, 1995]. With approximation the maximum Hertzian stress can be calculated from the 
equation for circular contact (Arnel et al, 1991) (Greenwood, 1997) 
PO i(6Lc)y
fl 	
[3.28 1 dR 2  (Johnson, 1989) 
where 	 P0 is the maximum Flertzian stress 
F1 is the impact force 
E is the equivalent elastic modulus 
R is the equivalent radius 
3.7.1 Equivalent radius 
Every Hertzian contact (i.e. contact between curved surfaces) can be represented by the 
equivalent contact between a spherical body against a flat surface taken into account the 
Hertzian assumptions which are: (Johnson, 1989) 
1. the surfaces are continuous and non-conforming 
2. the strains are small 
3. each solid can be considered as an elastic half space 
4. the surfaces are frictionless 
The radius of this spherical body is the equivalent radius for circular contact given by: 
1 
= 	 + 
1 	 1 





R I  + 
where R 1 is the radius of the first body 
R2 is the radius of the second body 
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In the case the type of contact is known to be elliptical. Therefore the above equation is not 
considered accurate. In that case the equivalent radius evaluation suggested from 
Greenwood (1983) will be followed. 
That is 
[3.30] and 	 [3.31] 
R I 	 R 1 R 2 
where R1 is the radius of the ball = 2.775 mm 
R2 is the radius of the ring = 42.5 mm 
Then the equivalent radius is given by 




Substituting the relevant values 
3.7.2 Equivalent elastic modulus 
The equivalent elastic modulus is given by 
I 	 1—v1 + 2 1-v 	 [3.33] 
E 
where B1, E2 are the modulus of elasticity of the two bodies 
v 1 , v2 are the Poisson's ratios 
In the case examined both ball and race is from the same material so 
E 1 E2 =21OGPa 
and v 1 v2 0.3 
Substituting to the equation the equivalent elastic modulus found to be: 
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E =115GPa 
3.7.3 Impact Force 
The calculation of the impact force is the most complicated part of the analysis. 
The first step to evaluate the impact force is to find the closing velocity. The term closing 
velocity is the velocity that the ball has at the point that reaches the outer ring. Similarly, it 
can be considered that the ball is moving towards the inner ring. The worst case scenario is 
that initially the ball is in contact with the inner ring and they are moving together towards 
the outer ring, while the outer ring is moving towards the inner ring and the ball. Figure 
3.10 shows the relative movement of the rings 
INITIAL POSITION 	 I FINAL POSITION 






aC zeroPElevel 	 C 	 +t I Uci 
inner ring and ball 
Figure 3.10 Relative movement of the rings 
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Numerical modelling of ball bearing sqffness to predict contact stress caused by vibration 
induced gapping 
	 A. Papakonstantinou 
Position C is the position that the two rings meet is the zero potential energy (PE) position. 
The initial velocities are zero, while at the contact position C the inner ring with the ball 
(m i ) has velocity u, while the outer ring with the ball (1112)  has velocity uc2. The distance 
of the inner ring from the contact position is S1 and the distance of the outer ring from the 
contact position is 52. The total distance h = S 1 + 52 is the gapping. The acceleration that the 
rings are moving is the input acceleration. 
Applying conservation of mechanical energy for the inner ring from position A to position 
C. 
m 1 czS 1 = - m 14 => [3.34] 
ucl =j2ciS1 
working similarly for the outer ring from position B to C: 
= j2aS2 	 [3.35] 
Now since 	 S1+S2h 	 [3.36] 
then 	 u .i- z4 2 = 2cxh [3.37] 
Considering know an equivalent condition where an equivalent body of mass m travels 
distance h. Applying conservation of mechanical energy for distance h the equivalent 
velocity u is: 
u 2 =2ah 	 [3.38] 
therefore 
u 2 =u +4 	 [339] 
At initial positions 
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PE1 =PE2 
m 1 aS1 = m 2 aS2 	 [3.40] 
We 
	
S =- 	 [3.41] and S,=--J 	 [3.42] 
m i 	 m 2 
Substituting for m1= 1.9 Kg and m2 = 0.783 Kg and h = S1+ S2 
then 
	
S 1 = 0.292h 	 [3.43] and 
	 S2 = 2.426h [3.44] 
The maximum kinetic energy of the equivalent body at its zero potential energy position 
will be equal to the total kinetic energy of the two rings at position C. 
So 
1 	 21 	
+_m2u 2 	 1 	 2 —mu = — m i uci 	 2 [3.45] 
but since 
u 2 =u +u 2 
then 
m 
= m 1 u 1 + m242 [3.46] 
u 1 +u 2 
which by substitution gives 
m=1.lO9Kg 
3.7.4 Closing acceleration 
Once the two rings collide with velocities ua and uc2 the two bodies (ball and outer ring) 
deformed by an amount S. The nominal approach at 4.2 GPa assumed as 2.8*lVm 
EK 
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(Lewis et al, 2002). The masses stopped due to the deceleration occurred by the impact 
force. Applying conservation of energy for the equivalent body from the time of contact 
until it stops 
u= ,J2a 8 
U2 	 [3.47] 
a 
28 
where A is the closing acceleration (deceleration). 
3.7.5 Impact force calculation 
Since the closing acceleration and the equivalent mass are known then from Newton's 
second law: 
	
F1 =ma, 	 [3.48] 
Knowing all the parameters of the appropriate equation, the Hertzian stress can be 
calculated by: 
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Chapter 4 
4 Results 
Chapter 4 presents the results of calculations of bearing stiffliess, gapping predictions for 
constant load (variable frequency) and constant frequency (variable load) using s tififiess 
values predicted by the author and values of stifffiess from CABARET. These data are 
compared in the next chapter, and results for the closing velocity of the rings, the collision 
acceleration, the impact force and the Hertzian stress are also presented. All the results are 
obtained using the methods described in the previous chapter. 
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4.1 Introduction 
This chapter contains the results obtained by applying the methods described in the 
previous chapter. The results on the bearing stiffness for 5, 9 and 15 ball complements 
provided in the begitming, followed by the gapping prediction, based on the obtained 
stiffliess values. Along with them the gapping prediction, using CABARET stiffness, used 
in previous study is provided in order to present a comparison between the two methods in 
the next chapter. The gapping prediction results can be separated into two categories. The 
first category is examined very briefly, since the current study is focused on the second one. 
a) The prediction for constant applied load of 20, 25 and 30N in respect of 
frequency for a range from 100 to 600 Hz, which is the frequency range 
where measured results are available. 
b) The prediction for constant 500 Hz frequency with respect to the applied 
load up to 100 N, which is the load up to which measured results also exist 
and, therefore, the validity of the method can be examined. 
The gapping prediction results are followed by the results for closing velocity between the 
ball and the race, the closing acceleration, the impact force and the Hertzian stress. 
4.2 Bearing stiffness 
Figure 4.1 shows the bearing stiffness against the input acceleration while Figure 4.2 shows 
the bearing stiffness against the applied load for the different ball complements. 
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Figure 4.1 Bearing stiffness against Input acceleration 
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4.3 Gapping prediction for constant load 
The following graphs shows the results for the different ball complements in respect with 
frequency, for applied loads of 196.2, 245.25 and 249.3 N i.e. input acceleration of 20g. 
25g and 30g respectively. In every graph two lines are present. The rhombi denote the 
gapping prediction using CABARET stiffliess, referred as "CABARET gap" on the graphs. 
The squares denote the gapping prediction using the non-linear stiffhess values, referred as 
"non-linear gap" on the graph. 
4.3.1 5-baIl complement 
The following figures show the gapping prediction results obtained for 5-ball complement 
angular contact bearing pair. 
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Figure 4.3Gapping prediction for 5-ball complement at 20g 
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Figure 4.5 Gapping prediction for 5-ball complement at 30g 
The above results are practically impossible to justify, although used here to show 
comparison between the methods. In general gapping occurs, not exceeding that of the 
deformation of the most loaded ball, when a reasonable preload is used. (Rahnejat et al, 
1985) 




4.3.2 9-baIl complement 
The following figures show the gapping prediction results obtained for 5-ball complement 
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Figure 4.8 Gapping prediction for 9-ball complement at 30g 
4.3.3 14-baIl complement 
The following figures show the gapping prediction results obtained for 5-ball complement 
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Figure 4.9 Gapping prediction for 14-ball complement at 20g 
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Figure 4.11 Gapping prediction for 14-ball complement at 30g 
4.4 Gapping prediction for constant 500 Hz frequency 
The gapping prediction results for input acceleration range from 5g to lOOg at 500, 1500 
and 2000 Hz frequency presented in this section. The frequency range around 1000 Hz 
avoided because the graph presents gapping levels at certain acceleration values tending to 
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infinity. This is due to lack of the gapping formula when the condition 1.8w 2 = k applies as 
explained on the previous chapter. 
CABARET predictions 
This section provides the gapping prediction results for 5, 9 and 14 ball complement using 
CABARET stififiess. Each graph has three lines denoted with squares, triangles and rhombi 
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Figure 4.12 Input acceleration - Gapping prediction (using CABARET stiffness) at 
500 Hz 
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Figure 4.16 Input acceleration - Gapping prediction (using CABARET stiffness) at 
2000 Hz 
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4.4.1 Non-linear predictions 
In this section the gapping prediction results using non-linear stifthess are presented. Again 
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Figure 4.18 Input acceleration - Gapping prediction (using non-linear stiffness) at 500 
Hz 
The 5-ball complement is physically in free flight in unloaded region. 
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Figure 4.20 Input acceleration - Gapping prediction (using non-linear stiffness) at 
1500 Hz 
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Figure 4.21 Applied Force - Gapping prediction (using non-linear stiffness) at 1500 
Hz 
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4.5 BaIl movement between the rings 
In this section the results of the relative movement of the balls and the rings are presented. 
The results cover the specifications of the SAE-65 SNFA angular contact bearing with 
reduced ball complement to 5, 9 and 14 at 500 Hz frequency. Section 4.5.1 presents the 
distances S  and S2, representing the distance covered by the inner and outer rings 
respectively from their maximum displacement (gapping) to the point of collision. On the 
following sections the results for 5, 9 and 14-ball complements are presented for the closing 
velocity, collision acceleration and the impact force. The results presented considering: 
a) Movement of the inner ring along with the ball towards the outer ring 
b) Movement of the outer ring along with the ball towards the inner ring 
c) Movement of a ball of equivalent mass covering the total distance (gapping) 
towards a flat surface. 
Only one of the three methods is necessary in order to obtain the value of the Impact Force, 
which will be used for the evaluation of the maximum Hertzian Pressure, as by following 
either a, b or c the same result for the impact force would be expected. The reason that all 
three have been presented is for verification purposes. 
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4.5.1 Covered distances 
In this section the distances covered by the inner and outer ring from the point of maximum 
gapping to the point of collision are presented. Each graph presents the two covered 
distances for the respective ball complement. S1 which is denoted with squares on the graph 
represents the distance covered by the inner ring and the ball from the point of maximum 
gapping to the point of collision with the outer ring, while S2 which is denoted with 
triangles represents the distance covered by the outer ring from the point of maximum 
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Figure 4.24 Inner and outer ring covered distances for 5-ball complement 
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Figure 4.26 Inner and outer ring covered distances for 14-ball complement 
Closing velocity 
The results for the closing velocity are presented in this section. On each graph there are 
three lines. Squares denote the closing velocity of the inner ring; triangles denote the 
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Figure 4.28 Closing velocities for 14-ball complement 
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Figure 4.29 Closing velocities for 14-ball complement 
4.5.2 Collision Acceleration 
This section provides the results for collision acceleration. Note for even are presented 
having positive acceleration in reality the acceleration is negative i.e. in reality is 
deceleration. In the first three graphs there are present three lines again. Squares denote the 
acceleration of the inner ring, tñangles the acceleration of the outer ring, and rhombi denote 
the acceleration of the equivalent body. The last graph of this section shows the 
proportionality of closing velocity and collision acceleration. 
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Figure 4.31 Collision Accelerations for 9 -ball complement 
Since 
ma=F1=K63 '2 [3.16] 
a is proportional to 312 
so, the shape of the graph explained since the acceleration follows the 3/2 rule 
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Figure 4.32 Collision Accelerations for 14-ball complement 
Figure 4.33Equivalent Closing velocity - Equivalent Collision Acceleration for 9-ball 
complement 
4.5.3 Impact Force 
The following graphs present the Impact Force for the different ball complements. The 
graphs obtained by using the equivalent a cceleration. The reason that the graphs for the 
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Impact Force produced by using the Collision Accelerations obtained considering the 
movements of the inner and outer rings, is that they give almost identical graphs with those 
presented. That it can be seen on the spreadsheet following. On figures 4.34 and 4.35 
squares, triangles and rhombi denote the obtained results for 5, 9, and 14-ball complement 
respectively. Figures 4.37 and 4.38 shows the proportionality of collision acceleration and 
closing velocity to the impact force. The values at 90g and above are excessively high due 
to the reduced ball complement and the assumption of 2.8jxm nominal approach. 
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Figure 4.35 Applied Force - Impact force graph for 5, 9 and 14-ball complement 
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Figure 4.36Equivalent Collision Acceleration - Impact force for 9-ball complement 
Figure 4.37 Equivalent Closing Velocity - Impact force for 9-ball complement 
4.5.4 Hertzian stress 
The results for the Hertzian contact stress presented in this section for the different ball 
complements. At the first two graphs squares, triangles and rhombi denote the obtained 
results for 5, 9, and 14-ball complement respectively. The last two graphs show the 
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Figure 4.39 Applied Force - Maximum Hertzian Stress 
The values of the maximum stress for higher input values cannot be expected in real 
conditions, and occurred here due to the reduced ball complement and the assumptions 
followed on the method. 
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Figure 4.401mpact Force- Maximum Hertzian Stress for 9-ball Complement 
Figure 4.4lEquivalent Closing Velocity - Maximum Hertzian Stress for 9-ball 
complement 
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Chapter 5 
5 Discussion 
This Chapter is a discussion on the results presented on the previous chapter. The 
theoretical gapping results compared with measured values obtained in previous studies and 
the comparisons show the validity of the CABARET and non-linear gapping predictions. 
Also experimental investigations of indentation damage from previous studies used to 
verify the Hertzian stress calculations and therefore the method used to describe the impact 
Force between balls and rings. 
EEO 
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5.1 Gapping prediction comparison 
5.1.1 Constant load 
In this section the results presented on the previous chapter for constant loads, compared 
with the measurement values obtained on previous program of studies as stated on the third 
chapter. Rhombi on the graphs denote the CABARET gapping prediction, squares the non-
linear gapping prediction and triangles the measured values. The mean measured gap is the 
average of the two measurements. Note that the line on the measured values is only for 
clarification purposes. Also the measurements around the natural frequency present 
significant difference in comparison with the other frequencies. The natural frequency for 
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Figure 5.1 Gapping comparison for 5-ball complement at 20g 
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Figure 5.3 Gapping comparison for 9-ball complement at 25g 
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Figure 5.5 Gapping comparison for 14-ball complement at 20g 
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Figure 5.6 Gapping comparison for 14-ball complement at 30g 
From the above graphs no safe conclusion could be extracted, on whether the CABARET 
or the non-linear stiffness produces more accurate gapping predictions. At the test 
frequencies from 100 to 600 Hz for input acceleration of 20, 25 and 30g they seem to 
provide results of similar accuracy. 
5.1.2 Constant Frequency 
5.1.2.1 500 Hz Frequency 
This section compares the obtained results between the prediction using CABARET and the 
one using non-linear stiffness. Since measured results exist only for 9-ball complement, the 
comparison of the two predictions for 5 and 14 ball complement is on the basis of 
observing the relative behaviour of the graphs. For the 9-ball complement where measured 
results are available, the comparison of the predictions is with respect to the measured 
values. 
5.1.2.1.1 5-ball complement 
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Figure 5.7lnput Acceleration - Gapping Prediction Graph for 5-ball complement at 
500 Hz 
By the observation of the graph it can be seen that at low acceleration levels the prediction 
using non-linear stiffness provides higher gapping levels than the prediction using 
CABARET stifThess, the two predictions matching on acceleration levels around 25g and 
for higher acceleration levels the non-linear prediction provides significantly lower gapping 
levels than CABARET. 
11.2.1.2 14-balI complement 
The two predictions (using CABARET and non-linear stiffness) presented on graph 
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Figure 5.8 Input Acceleration - Gapping Prediction Graph for 14-ball complement at 
500 Hz 
The observation of the graph leads to the same conclusions as with the 5-ball complement. 
The difference i s that the acceleration level that the two predictions matching i s a round 
45g. Below that acceleration level Non-linear predictions are higher while above that level 
CABARET predictions are higher. 
5.1.2.1.3 9-ball complement 
The investigation of the 9-ball case is the most interesting, because measured results are 
available and therefore can be compared with the predicted values. 
Table 5.1 shows the two series of measurements along with their mean value. 
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Input acceleration 
(g) 
Measured Gap 1 
(m) 




I 5.30E-07 9.00E-07 7.15E-07 
8 9.26E-06 7.05E-06 8.16E-06 
15 1.09E-05 1.27E-05 1.18E-05 
30 2.07E-05 2.I0E-05 2.09E-05 
45 2.82E-05 3.14E-05 2.98E-05 
50 2.80E-05  2.80E-05 
57  3.03E-05 3.03E-05 
85 3.95E-05 3.55E-05 3.75E-05 
100 4.85E-05 4.04E-05 I 	 4.45E-05 
Table 5-1 Measured gapping for 500 Hz frequency 
Figure 5.9 shows the Non-linear and CABARET gapping predictions along with the two 
sets of measured values. 
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Figure 5.9Gapping comparison for 9-ball complement at 500 Hz 
Figure 5.10 shows the Non-linear and CABARET gapping predictions along with the mean 
measured values. 
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Figure 5.10 Gapping comparison for 9-ball complement at 500 Hz (mean measured 
gap values) 
From the previous two graphs it can be seen that the non-linear prediction is clearly more 
accurate through the test range. This can be seen even more clearly in the following graphs. 
Graphs show the absolute error between the CABARET and the Non-linear prediction with 
the measured results. With the term absolute error meant the absolute difference between 
Predicted and measured values. Rhombi denote the absolute error between CABARET 
gapping prediction and the measurement series values, while the squares denote the 
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Figure 5.11 Absolute error between predicted values and test results of measurement 
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Figure 5.13 Absolute error between predicted values and mean value of the two 
measurements 
The following graphs show the percentage error of the predictions. The error is calculated 
by: 
theoretical - measured %error= 	 xlOO 
theoretical 
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Figure 5.16%Error between predicted values and mean value of the two 
measurements 
From the above graphs it is clear that the non-linear prediction is significantly more 
accurate than the CABARET prediction. The only acceleration value, where the non-linear 
prediction is totally inaccurate is for the input acceleration level of 1g. But this is not very 
important since the gapping levels at that low acceleration levels are very low too. In high 
acceleration levels (i.e. high load levels) where high gapping levels occur the non-linear 
prediction finds satisfactory accuracy, much better than the CABARET prediction 
previously used. Between the acceleration levels of 8g and 45g both predictions find similar 
accuracy. This explains why no conclusion could be made in previous section of this 
chapter where the two methods compared at 20g. 25g and 30g with measured results in a 
frequency range of 100 to 600 Hz. 
OX 
Numerical modelling of ball bearing s4ffness to predict contact stress caused by vibration 
induced gapping 	 A. Papakonstantinou 










0 	 20 	 40 	 60 	 80 	 100 	 120 
Input Acceleration (g) 
—e-- CABARET -.-- non-linear 












0 	 20 	 40 	 60 	 80 	 100 	 120 
Input Acceleration (g) 
—e-- CABARET —a— non-linear 
Figure 5.18 Input Acceleration - Gapping prediction graph for 9-ball complement at 
1500 Hz 
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Figure 5.19 Input Acceleration - Gapping prediction graph for 14-ball complement at 
1500 Hz 
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Figure 5.20 Input Acceleration - Gapping prediction graph for 5-ball complement at 
2000 Hz 
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Figure 5.22 Input Acceleration - Gapping prediction graph for 14-ball complement at 
2000 Hz 
By observing the above graphs it can be seen that at 1500 and 2000Hz the predictions up to 
accelerations of 50 g, matching well. After reaching this acceleration value the prediction 
using the non-linear stifthess provides clearly higher gapping levels. That applies for all 
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three ball complements examined. The second observation also examining figures 4.20 to 
4.23 (previous chapter) is that unlike for 500 Hz frequency where larger ball complement 
implies lower gapping levels, at 1 500 and 2000 Hz larger number o fb alls m ean higher 
gapping levels. 
The question which arises from a designer's point of view is how many balls should be 
selected in a particular bearing. The analysis up to 500 Hz shows that the maximum number 
of balls that can be used will contribute to low gapping levels. But the analysis of the 
results for high frequency levels reverses the conclusions. Therefore, the selection of the 
maximum ball complement seems not to be the ideal solution. The ideal solution lay 
somewhere in the middle between the maximum and minimum ball complement could be 
used. That is what can be derived from the available gapping predictions, but since there 
are experimental results only for 500 Hz, experimental data needed for higher frequencies 
to verify these observations. 
5.2 Collision between ball and rings 
The movement of the two rings could be described accurately by the use of an equivalent 
object covering a distance equal to the sum of the distance covered by the inner and outer 
rings. This conclusion arises from the fact that the method of the equivalent object produces 
identical results for the Impact Force with the method of working with the movement of 
one cage. The whole method is based on the conservation of mechanical energy and the 
laws of motion. Of course the assumptions include no mechanical energy loss, something 
that is not true in any real condition, but it is believed that the general approach is 
satisfactory. 
Analysing the results it is clear that the Impact Force is proportional to the closing velocity 
as it can be seen on figure 4.37. That implies the Impact force is proportional to the gapping 
level, something expected from equation [3.16]. 
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The calculation of the Hertzian stress showed that the Hertzian stress is higher for lower 
ball complements. That is true for the 500 Hz where lower ball complements lead two 
higher gapping levels. The acceleration levels where each ball-complement exceeds the 
limit of 4.2 GPa where indentation is present are 5g for the 5-ball complement, lOg for the 
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Figure 5.23 Calculated and CABARET maximum Hertzian stress for 9-ball 
complement at 500 Hz 
Figure 5.23 shows the calculated stress along with the CABARET stress for 9-ball 
complement. The CABARET values presented on the graph are the only values available 
therefore the comparison is based on these values. As it can be seen the maximum stress 
calculated is much greater than the CABARET stress, and the difference increasing with 
the increase of input acceleration. 
Investigations made by Lewis in a previous program of studies, as mentioned in chapter 3, 
showed that indentations caused at acceleration levels lower than 45 g where according to 
CABARET the Hertz stress reaches the value of 5.2 OPa. A reasonable assumption is that 
these indentations resulted from vibration at 30 g (Sochting et al, 2004). Having in mind 
that the indentations are visible for stresses greater than 5.5-6 GPa it is clear that the 
calculated on chapter 4 stress is more realistic than CABARET stress which is 
underestimated, at least for the input accelerations used on the mentioned tests. 
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6 Conclusions and recommendations 
This chapter contains the conclusions of the thesis, as for the work completion, identifies 
possible sources of error and provides recommendations for further work. 
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6.1 Summary of the work completed 
As stated in the introductory chapter of the thesis the aims of the current project were: 
• To introduce of non-linear stifThess into the existing 2-DOF model in order to 
predict gapping 
To develop a method that evaluates the Impact F orce generated between the ball 
and the rings in an angular contact bearing, in order to calculate the Hertzian contact 
stress. 
The first aim was completed as the non-linear stiffhess was introduced into an existing 2-
DOF model. The gapping predictions made using the non-linear stiffhess proved more 
accurate than the method used previously (gapping predictions using CABARET stiffness), 
when compared with the existing measured gapping values, for the test data range. 
Therefore the initial assumption that the introduction of the non-linear stifThess into the 
prediction model would optimize the gapping predictions, proved to be correct. 
The second aim to evaluate Hertzian contact stress was completed by the use of the 
conservation of energy laws and Newton's laws of motion. That implies the analysis of the 
bearing rings, with evaluation of the velocity with which they collidewith each other, and 
the deceleration from the point of collision to the maximum deformation. A model of an 
equivalent body that simulates the movement of the two rings worked out, and the results 
showed that it was successful. 
The Impact Force results were then used to calculate the maximum Hertzian stress using 
appropriate formulae for elliptical contacts. The comparison with CABARET stress showed 
that the stress evaluated by the author was more accurate than CABARET stress, when 
compared with experimental investigations, for the range of the experimental data. 
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6.2 Identifying sources of error 
On the analysis used on the present thesis a number of assumptions were made. Each 
assumption is a potential source of error. More specifically: 
The bearing is assumed to be subjected to purely axial load. That applies in both the 
bearing stiffness calculation as well as in the gapping prediction formula. The results then 
compared to measured values. The test was made in conditions in order to achieve purely 
axial load but this is not possible and a very small radial load is always present. Therefore 
the predicted results for purely axial load are compared with measured values of almost 
purely axial load. 
. The 2 -DOF model i s considered as u ndamped. Even though in reality it is more 
likely to be lightly damped. The sources of damping are: the material strain , the 
friction between sliding surfaces, and the ressistance of the fluid. (Sarafin, 1995) 
. The contact angle which assumed constant as on the unload condition. This is not 
true since the contact angle increases with the load. 
• The Impact Force evaluation considers no energy loss, even though there are energy 
losses. 
. The conditions are considered to be Hertzian, thus the results do not apply to thin 
coated solids or lubricated contacts. 
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6.3 Recommendations for further work 
The recommendations for further work divided into two categories. First are the 
recommendations for the theoretical part and second are the recommendations for 
experimental work. 
Theoretical work 
The 2-DOF model proved to provide gapping predictions that have very good agreement 
with the measured results, since the % error does not exceed the 20 % of the average of the 
measured values. A further improvement of the model that involves damping could result to 
even more accurate predictions. Also the introduction of a second spring and the pivotal 
motion could be examined as factors that could provide further improvement of the model. 
The equation used for the gapping prediction is not valid when 1.8w 2 = k since then the 
denominator of the formula is zero. Therefore, predictions for such values are not possible. 
Rearranging the formula for the range of "problematic" values could solve the problem. 
One factor that can possibly improve the bearing stiffness calculation is the contact angle. 
If the change in contact angle considered it may lead to more accurate bearing stiffness 
values. 
On the evaluation of impact force assumed no energy loss. A possible evaluation of the 
energy losses will result to more accurate values for the impact force. 
The calculation of the maximum Hertzian stress is based on the method suggested by 
Greenwood in 1983, for elliptical contacts. The use of other suggested methods is 
recommended since a comparison between them may lead to improved accuracy. 
6.3.1 Experimental work 
Modem science is based on the fact that the theoretical knowledge must be verified 
experimentally. Therefore, the validity of every theoretical method depends on the 
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experimental verification. The experimental verification has difficulties since is dependent 
on the experimental capacity of the instruments. 
A large part of the present thesis has been verified by experimental work made by another 
investigator. For part of theoretically investigated there are no experimental data. 
Therefore, this part verification cannot yet be accepted as valid since there are not sufficient 
experimental data for verification. 
The gapping measurements for constant input acceleration i.e. constant applied load. 
Experimental results exist only for frequencies up to 600 Hz and input acceleration of 30g. 
Gapping measurements for constant frequency exist only for the frequency of 500 Hz. 
Therefore, the validity of the method is verified only for that data range. Gapping 
measurements for frequencies up to 2 MHz where is the maximum vibration frequency in 
space applications and input acceleration up to lOOg would be valuable as they would 
permit verification of the method for a broad range of the conditions expected in space 
applications. 
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Title: BEARING STIFFNESS at 20001-1z 
Author: PAPAKONSTANTINOU ANTONIOS 
Date: 5-7-2004 
Input data 
Shaft assembly mass total (m 1 ) 1.9 kg 
Outer housing assembly mass• 0.783 kg 
Ball complement Z 5 9 14 
Ball diameter (D) 0.005555 m 
Frequency 2000 Hz 
Angular acceleration ii, 12560 rad/s 
CABARET stiffness 9.85E+06 1 .64E+07 2.60E+07 
Calculated Bearing Stiffness 
Acceleration 	 Applied load Contact angle 5-ball 9-ball 14-ball 
a (g) F ( N) (degrees) (N/rn) (N/rn) (N/rn) 
5 131.6 15 6.29E-'-06 9.31E-i-06 1.25E+07 
10 263.2 15 7.93E+06 1.17E+07 1.57E+07 
15 394.8 15 9.08E+06 1.34E+07 1.80E+07 
20 526.4 15 9.99E-l-06 1.48E+07 1.98E+07 
25 658.0 15 1.08E+07 1.59E+07 2.14E+07 
30 789.6 15 1.14E+07 1.69E+07 2.27E-l-07 
35 921.2 15 1.20E+07 1.78E+07 2.39E+07 
40 1052.8 15 1.26E+07 1.86E+07 2.50E-l-07 
45 1184.4 15 1.31E+07 1.94E-l-07 2.60E+07 
50 1316.0 15 1.36E+07 2.01E+07 2.69E+07 
55 1447.6 15 1.40E+07 2.07E+07 2.78E+07 
60 1579.2 15 1.44E+07 2.13E+07 2.86E+07 
65 1710.8 15 1.48E+07 2.19E+07 2.94E+07 
70 1842.4 15 1.52E+07 2.24E+07 3.01E+07 
75 1974.0 15 1.55E+07 2.30Ei-07 3.08E+07 
80 2105.6 15 1.59E-'-07 2.35E+07 3.15E+07 
85 2237.2 15 1.62E-'-07 2.39E+07 3.21E+07 
90 2368.8 15 1.65E+07 2.44E+07 3.28E+07 
95 2500.4 15 1.68E+07 2.48E+07 3.34E+07 
100 2632.0 15 1.71E+07 2.53E+07 3.39E-'-07 
FORMULAE 
F-(m 1 +m 2 )a 
Stiffness = 2.27 * 10"Z I/J*FfJ *D 7f4  sin"a 
Input acceleration- bearing stiffness graph 
E 	 __________________________ 40000000 
j 30000000 	 -U-- 5-bail (N/rn) 
RYNE 20000000 -*--- 9-ball (N/rn) 
o 10000000 	 -e- 14-bali (N/rn) 
th 	 0 	 50 	 100 	 150 
input acceleration (g) 
Applied load - Bearing stitness graph 
40000000 
30000000 
! 	 20000000 
- 10000000 
0 
0 	 1000 2000 3000 
Applied force (N) 
Title: Gapping prediction at 2000Hz using CABARET stiffness 
Author: PAPAKONSTANTINOU ANTONIOS 
Date: 5-7-2004 
Acceleration Applied force 5-ball 9-ball 14-ball 
a(g) F(N) (m) (in) (m) 
5 131.6 494.8E-9 540.4E-9 624.8E-9 
10 263.2 989.6E-9 1.1 E-6 1 .2E-6 
15 394.8 1.5E-6 1.6E-6 1.9E-6 
20 526.4 2.OE-6 2.2E-6 2.5E-6 
25 658.0 2.5E-6 2.7E-6 3.1E-6 
30 789.6 3.OE-6 3.2E-6 3.7E-6 
35 921.2 3.5E-6 3.8E-6 4.4E-6 
40 1052.8 4.OE-6 4.3E-6 5.OE-6 
45 1184.4 4.5E-6 4.9E-6 5.6E-6 
50 1316.0 4.9E-6 5.4E-6 6.2E-6 
55 1447.6 5.4E-6 5.9E-6 6.9E-6 
60 1579.2 5.9E-6 6.5E-6 7.5E-6 
65 1710.8 6.4E-6 7.OE-6 8.1E-6 
70 1842.4 6.9E-6 7.6E-6 8.7E-6 
75 1974.0 7.4E-6 8.1E-6 9.4E-6 
80 2105.6 7.9E-6 8.6E-6 10.OE-6 
85 2237.2 8.4E-6 9.2E-6 10.6E-6 
90 2368.8 8.9E-6 9.7E-6 11.2E-6 
95 2500.4 9.4E-6 10.3E-6 11.9E-6 
100 2632.0 9.9E-6 10.8E-6 12.5E-6 
Input acceleration - Gapping prediction(using CABARET stiffness) 
at 500 HZ 
15.OE-6 
100E.6 
0 000.OE+0 	 - 
0 	 20 	 40 	 60 	 80 	 100 	 120 
Input acceleration (g) 
Applied force - Gapping prediction (using CABARET stiffness) 
at 500 Hz 
15OE-6 
10.OE-6 	 - - - 	 -4- 5-ball (m) 
S 	 . . 	 -U-- 9-ball (m) 
5.OE-6 
- 	 I 	 - 	 -ó--14-ball(m) 
0 
000.OE+0  
0 	 500 1000 1500 2000 2500 3000 
Applied force (N) 
Title: Gapping prediction at 2000Hz using non-linear stiffness 
Author: PAPAKONSTANTINOU ANTONIOS 
Date: 5-7-2004 
Acceleration Applied force 5-ball 9-ball 14-ball 
a(g) F(N) (m) (m) (m) 
5 131.6 473.1E-9 491.4E-9 512.3E-9 
10 263.2 965.6E-9 1.OE-6 1.1E-6 
15 394.8 1.5E-6 1.6E-6 1.7E-6 
20 526.4 2.OE-6 2.1E-6 2.3E-6 
25 658.0 2.5E-6 2.7E-6 2.9E-6 
30 789.6 3.OE-6 3.3E-6 3.6E-6 
35 921.2 3.6E-6 3.9E-6 4.2E-6 
40 1052.8 4.1E-6 4.5E-6 4.9E-6 
45 1184.4 4.6E-6 5.1E-6 5.6E-6 
50 1316.0 5.2E-6 5.7E-6 6.3E-6 
55 1447.6 5.7E-6 6.3E-6 7.1E-6 
60 1579.2 6.3E-6 7.OE-6 7.8E-6 
65 1710.8 6.9E-6 7.6E-6 8.6E-6 
70 1842.4 7.4E-6 8.3E-6 9.4E-6 
75 1974.0 8.OE-6 8.9E-6 10.2E-6 
80 2105.6 8.6E-6 9.6E-6 11.0E-6 
85 2237.2 9.2E-6 10.3E-6 11.8E-6 
90 2368.8 9.7E-6 11.OE-6 12.6E-6 
95 2500.4 10.3E-6 11.7E-6 13.5E-6 
100 2632.0 10.9E-6 12.3E-6 14.3E-6 
Input acceleration - Gapping prediction (using non-linear stiffness) 




.E 0.00001 -A--- 9-ball (m) 
0.000005 	




0 	 20 	 40 	 60 	 80 	 100 	 120 
Input acceleration (g) 
Applied force - Gapping predictlon(using non-linear stiffness) at 
500 Hz 
0.00002 
1 0.000015 5-baII(m) 
0, 
.E 0.00001 L4---H 
	





0 	 500 1000 1500 2000 2500 a000 
Applied force (N) 







m 	 0 	 50 	 100 150 
Input acceleration (g) 
-U- 5-ball (N/rn) 
-a- 9-ball (N/rn) 
-- 14-ball (N/rn) 
Title: BEARING STIFFNESS at 15001-1z 
Author: PAPAKONSTANTINOU ANTONIOS 
Date: 5-7-2004 
Input data 
Shaft assembly mass total (m 1 ) 1.9 kg 
Outer housing assembly mass 0.783 kg 
Ball complement Z 5 9 14 
Ball diameter (D) 0.005555 m 
Frequency 1500 Hz 
Angular acceleration w 9420 rad/s 
CABARET stiffness 9.85E+06 I .64E+07 2.60E+07 
Calculated Bearing Stiffness 
Acceleration 	 Applied load Contact angle 5-ball 9-ball 14-ball 
a (g) F(N) (degrees) (N/rn) (N/rn) (N/rn) 
5 131.6 15 6.29E+06 9.31E+06 1.25E07 
10 263.2 15 7.93E+06 1.17E+07 1.57E+07 
15 394.8 15 9.08E+06 1.34E+07 1.80E+07 
20 526.4 15 9.99E+06 1.48E+07 1.98E+07 
25 658.0 15 1.08E+07 1.59E+07 2.14E+07 
30 789.6 15 1.14E+07 1.69E+07 2.27E+07 
35 921.2 15 1.20E+07 1.78E+07 2.39E+07 
40 1052.8 15 1.26E+07 1.86E+07 2.50E+07 
45 1184.4 15 1.31E+07 1.94E+07 2.60E+07 
50 1316.0 15 1.36E+07 2.01E+07 2.69E+07 
55 1447.6 15 1.40E+07 2.07E+07 2.78E+07 
60 1579.2 15 1.44E+07 2.13E+07 2.86E07 
65 1710.8 15 1.48E+07 2.19E+07 2.94E+07 
70 1842.4 15 1.52E+07 2.24E+07 3.01E+07 
75 1974.0 15 1.55E+07 2.30E07 3.08E+07 
80 2105.6 15 1.59E07 2.35E+07 3.15E+07 
85 2237.2 15 1.62E+07 2.39E+07 3.21E+07 
90 2368.8 15 1.65E+07 2.44E+07 3.28E+07 
95 2500.4 15 1.68E+07 2.48E+07 3.34E+07 
100 2632.0 15 1.71E+07 2.53E+07 3.39E+07 
FORM ULAE 
F(m 1 +m 2 )a 
Stiffness = 227* lO'Z VJ*FIFJ *DJIJ *5jfl3tJQ 
Applied load - Bearing stifness graph 
0 	 500 1000 1500 2000 2500 3000 
Ai,pIIed force (N) 
Title: Gapping prediction at 1500Hz using CABARET stiffness 
Author: PAPAKONSTANTINOU ANTONIOS 
Date: 5-7-2004 
Acceleration Applied force 5-ball 9-ball 14-ball 
a(g) F(N) (m) (m) (iii) 
5 131.6 975.9E-9 1.2E-6 1.7E-6 
10 263.2 2.OE-6 2.3E-6 3.3E-6 
15 394.8 2.9E-6 3.5E-6 5.OE-6 
20 526.4 3.9E-6 4.7E-6 6.6E-6 
25 658.0 4.9E-6 5.9E-6 8.3E-6 
30 789.6 5.9E-6 7.OE-6 9.9E-6 
35 921.2 6.8E-6 8.2E-6 11.6E-6 
40 1052.8 7.8E-6 9.4E-6 13.2E-6 
45 1184.4 8.8E-6 10.5E-6 14.9E-6 
50 1316.0 9.8E-6 11.7E-6 16.6E-6 
55 1447.6 10.7E-6 12.9E-6 18.2E-6 
60 1579.2 11.7E-6 14.OE-6 19.9E-6 
65 1710.8 12.7E-6 15.2E-6 21.5E-6 
70 1842.4 13.7E-6 16.4E-6 23.2E-6 
75 1974.0 14.6E-6 17.6E-6 24.8E-6 
80 2105.6 15.6E-6 18.7E-6 26.5E-6 
85 2237.2 16.6E-6 19.9E-6 28.1E-6 
90 2368.8 17.6E-6 21.1E-6 29.8E-6 
95 2500.4 18.5E-6 22.2E-6 31.4E-6 
100 2632.0 19.5E-6 23.4E-6 33.1E-6 
Input acceleration - Gapping prediction(using 
CABARET stiffness) at 500 HZ 
40.OE6 	 __ 
300E4 I 	 -- SbaU (m) 
I -é--9-bd on) 
:: 
 
It.pit toclrthon (gp 
Applied force - Gapping prediction (using CABARET 






0 	 1000 	 2000 	 3000 
Applied force (N) 
Input acceleration - Gapping prediction (using non-linear stiffness) at 
500 Hz 
0.00006 
0.00004 ______________________________________ 	 -a-- 5-ball (m) 
} 0.00002 ________________ 	 _____  
0 	
o. 
0 	 20 	 40 	 60 	 80 	 100 	 120 
Input acceleration (g) 
Title: Gapping prediction at 1500Hz using non-linear stiffness 
Author: PAPAKONSTANTINOU ANTONIOS 
Date: 5-7-2004 
Acceleration Applied force 5-ball 9-ball 14-ball 
a(g) F(N) (m) (m) (m) 
5 131.6 895.OE-9 962.7E-9 1.OE-6 
10 263.2 1.9E-6 2.OE-6 2.3E-6 
15 394.8 2.9E-6 3.2E-6 3.7E-6 
20 526.4 3.9E-6 4.5E-6 5.2E-6 
25 658.0 5.0E-6 5.8E-6 6.9E-6 
30 789.6 6.1E-6 7.1E-6 8.7E-6 
35 921.2 7.2E-6 8.6E-6 10.6E-6 
40 1052.8 8.4E-6 10.OE-6 12.7E-6 
45 1184.4 9.6E-6 11.6E-6 14.9E-6 
50 1316.0 10.8E-6 13.2E-6 17.2E-6 
55 1447.6 12.OE-6 14.8E-6 19.7E-6 
60 1579.2 13.2E-6 16.5E-6 22.4E-6 
65 1710.8 14.5E-6 18.3E-6 25.2E-6 
70 1842.4 15.8E-6 20.1E-6 28.2E-6 
75 1974.0 17.1E-6 22.OE-6 31.4E-6 
80 2105.6 18.4E-6 23.9E-6 34.7E-6 
85 2237.2 19.8E-6 25.8E-6 38.3E-6 
90 2368.8 21.1E-6 27.9E-6 42.OE-6 
95 2500.4 22.5E-6 30.OE-6 46.OE-6 
100 2632.0 23.9E-6 32.1E-6 50.3E-6 




00000 I 	 I 	 ---- 5-ball(m) 
	
I 	 I 	 -t-9-ball (m) 
000002 	 - 
- 	 -6-14ball(ni) 
0 
 
0 1 ,3zwc0 , 
	
0 	 500 	 1000 	 1500 2000 2500 3000 
Applied force (N) 
CABARET gap Non-linear gap Measured gapi Measured gap2 
(m) (m) (m) (m) 
7.03E-07 6.40E-06 5.30E-07 9.00E-07 
5.62E-06 1.1 3E-05 9.26E-06 7.05E-06 
1 .05E-05 1 .45E-05 1 .09E-05 I .27E-05 
2.IIE-05 2.01E-05 2.07E-05 2.10E-05 
3.16E-05 2.49E-05 2.82E-05 3.14E-05 
3.51 E-05 2.63E-05 2.80E-05 
4.00E-05 2.83E-05 3.03E-05 
5.97E-05 3.53E-05 3.95E-05 3.55E-05 





1 1.006051 	 0- L OOE.05 
00E,OS lb 0 	 t C 
	
0 	 20 	 40 	 00 	 00 	 100 	 120 
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Title: Gapping Prediction Error Comparrison 




















Absolute error comparisson 









Theoretical to measured ratio 














, a, p 
0 	 20 	 40 	 60 	 80 	 I® 	 120 
Input Accoleritlon 1W 
Absolute error comparisson 
Acceleration Cabaret - Mmean Nonlinear- Mmean 
1 1.24231 E-08 5.68409E-06 
8 2.53438E-06 3.17574E-06 
15 1 .27635E-06 2.65624E-06 
30 1 .87308E-07 7.6865E-07 
45 1.81 596E-06 4.93421 E-06 
50 7.11885E-06 1.69203E-06 
57 9.73688E-06 2.04228E-06 
85 2.2199E-05 2.17903E-06 
100 2.57977E-05 5.68E-06 
% error comparisson - 













LU 1 .50E-05 
5 1 .00E-05 U, 
.0 
C 5.00E-06 	 .1 
•oO 	 0 
0.COE+00 
0 20 	 40 	 60 	 80 	 100 	 120 
Input Acceleration (g) 





I- o 60 
t 
'U 	
• 	 __ ___ 40 	
• 	 • 
30__u 	
. 20 	 p 	 6-. 	 0 
Q 	 ° 
0 	 20 	 40 	 60 	 80 	 100 	 120 
Input Acceleration (g) 







5.00E-06 	 .tp 
0.00E+00 o 	 .0 	 0 	 9 
0 20 	 40 	 60 	 80 	 100 	 120 
Input Acceleration (g) 








0 	 20 40 	 60 	 60 100 	 120 
Input Acceleration (g) 






Absolute error comp; Theoretical to measured ratio 
cceleratio Cabaret - I Nonlinear Cabaret - I Nonlinear - M2 
1 1.97E-07 5.50E-06 28 86 
8 1.43E-06 4.28E-06 25 38 
15 2.17E-06 1.76E-06 21 12 
30 3.73E-08 9.19E-07 0 5 
45 1.86E-07 6.56E-06 1 26 
50 9.74E-06 2.04E-06 24 7 
85 2.42E-05 1.69E-07 41 0 
100 2.98E-05 1.66E-06 42 4 
Title: Gapping Prediction Comparrison for 9-ball complement at 500Hz 
Author: PAPAKONSTANTINOU ANTONIOS 
Input data FORMULAE 
Shaft assembly mass total (m 1 ) 1.9 kg F = (m, + m 2 )a 
Outer housing assembly mass ft 0.783 kg 
10
7 
* F 113 * D 113 *sin S13 a Ball complement Z 9 Stiffness = 2.27 * 
Contact angle (a) 15.0 
Ball diameter (D) 0.005555 m 
Frequency 500 Hz 
Angular acceleration w 3140 rad/s 
CABARET stiffness 1 .64E+07 Nim 
Preload 22 N 
Acceleration 	 Applied force Stiffness CABARET gap Non-linear gap Measured gapi Measured gap2 Mean measured gap 
1 	 26.3 6.67E+06 7.03E-07 6.40E-06 5.30E-07 9.00E-07 7.15E-07 
8 	 210.6 1.09E+07 5.62E-06 1.13E-05 9.26E-06 7.05E-06 8.16E-06 
15 	 394.8 1.34E07 1.05E-05 1.45E-05 1.09E-05 1.27E-05 1.18E-05 
30 	 789.6 1.69E+07 2.11E-05 2.01E-05 2.07E-05 2.10E-05 2.09E-05 
45 	 1184.4 1.94E+07 3.16E-05 2.49E-05 2.82E-05 3.14E-05 2.98E-05 
50 	 1316.0 2.01E+07 3.51E-05 2.63E-05 2.80E-05 2.80E-05 
57 	 1500.3 2.10E+07 4.00E-05 2.83E-05 3.03E-05 3.03E-05 
85 	 2237.2 2.39E+07 5.97E-05 3.53E-05 3.95E-05 3.55E-05 3.75E-05 
100 	 2632.0 2.53E+07 7.03E-05 3.88E-05 4.85E-05 4.04E-05 4.45E-05 
I iarr- I 	 _41l__ITdI O.00E+CO 
0 	 20 	 40 	 60 	 60 	 100 	 120 
Input AcaI.raVon (g) 
-s-- CABARET gap 	 -U- Non-linear gap 	 -*-- Measured gapi 
-- Measured gap2 	 -t-Mean measured gap 
t00E-0 
6.000-05 
0.0 	 500.0 	 1.0 	 1500.0 	 2.0 	 2500.0 	 3 
Input AcaSration (g) 
---cRr g -e-Non-Ibne. -t--Mea, mcawed o 
Title: GAP PREDICTION FOR 5-BALL COMPLEMENT (using CABARET stiffness) at 20g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Input data 
Shaft assembly mass total (m 1 ) 
Outer housing assembly mass total (m 2 ) 
Input acceleration (a) 

























































A1 (m) A2 (m) 
-4.93E-04 -5.09E-04 
-1.1 9E-04 -1 .36E-04 




-6.20E-05 1.1 6E-04 
-1 .86E-05 1 .85E-05 
-1.1 8E-05 7.69E-06 
-8.71E-06 4.08E-06 
-6.81 E-06 2A4E-06 




-2.92E-06 4.1 5E-07 
-2.56E-06 3.18E-07 
-2.27E-06 2.48E-07 
-2.03E-06 1 .96E-07 




























a  2-  4.00E-05 - 2.00E5 l 
0OOE+00 
0 	 100 	 200 	 300 	 400 	 500 	 600 	 700 
Frequency (Hz) 








Frequency - Gap graph using non-linear stiffness for 5-ball 





0 	 100 	 200 	 300 	 400 	 500 	 600 	 700 
Frequency (Hz) 
Frequency - Gap graph using non-linear stiffness for 5-ball 
complement at 20g acceleration 
2.00E-03 
1.50E-03 
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Title: GAP PREDICTION FOR 5-BALL COMPLEMENT (using non-linear stiffness) at 20g acceleration 















































A1 (m) A2 (m) 
-4.93E-04 -5.08E-04 
-1 .20E-04 -1 .35E-04 
-5.02E-05 -6.76E-05 
-2.50E-05 -4.60E-05 
-1.1 SE-OS -4.03E-05 
1 .50E-06 -5.10E-05 
5.20E-04 -1 .30E-03 
-2.18E-05 2.63E-05 
-1 .26E-05 9.59E-06 
-9.03E-06 4.85E-06 
-6.97E-06 2.84E-06 








-1 .83E-06 1 .75E-07 
Input data 
Shaft assembly mass total (m 1 ) 
Outer housing assembly mass total (m 2 ) 
Input acceleration (a) 















Title: GAP PREDICTION COMPARISSON FOR 5-BALL COMPLEMENT at 20g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 	 1.9 	 kg 
Outer housing assembly mass total (m 2 ) 	 0.783 	 kg 
Input acceleration (a) 
	
245.25 	 mIs2 
Input force (F) 	 658.0 	 N 
frequency angular velocity CABARET Gap Non-linear GAP measured I measured 2 measured 3 mean measured gap 
f (Hz) w(radls) D(m) D(m) D(m) D(m) D(m) D(m) 
100 628 1.60E-05 1.45E-05 8.28E-06 1.99E-05 3.93E-05 2.25E-05 
200 1256 1.71E-05 1.55E-05 2.19E-05 2.44E-05 2.25E-05 2.29E-05 
300 1884 1.95E-05 1.74E-05 2.47E-05 1.44E-05 1.37E-05 1.76E-05 
400 2512 2.42E-05 2.1OE-05 2.79E-05 2.89E-05 1.74E-05 2.47E-05 
500 3140 3.51 E-05 2.88E-05 3.59E-05 5.43E-05 4.88E-05 4.63E-05 






frequency CABARET Gap Non-linear Gap 
100 1.60E-05 1.45E-05 
200 1.71 E-05 1.55E-05 
300 1 .95E-05 1 .74E-05 
400 2.42E-05 2.10E-05 
500 3.51E-05 2.88E-05 
Gapping prediction comparisson graph for 5-ball 
complement at 20g acceleratIon 
500E-05 
I 4.00E-05 Gap 
3.00E-05 
	
2.00E-05 	 ______ 	
-a--Non-linear Gap 
	
3 1.00E-05 	 _______________ 	 -A-mean measured Gap 
0.00E+00 
0 	 200 	 400 	 600 
Frequency (Hz) 
Title: GAP PREDICTION FOR 5-BALL COMPLEMENT (using CABARET stiffness) at 259 acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31 -1 0-2003 
Input data 
Shaft assembly mass total (m 1 ) 
Outer housing assembly mass total (m 2) 
Input acceleration (Q) 


































angular velocity amplitude amplitude 
w(radls) A1 (m) A2 (m) 
628 -6.16E-04 -6.36E-04 
1256 -1.49E-04 -1.71E-04 
1884 -6.20E-05 -8.63E-05 
2512 -3.00E-05 -6.03E-05 
3140 -1.21E-05 -5.59E-05 
3768 1.11E-05 -8.60E-05 
4396 -7.74E-05 1 .44E-04 
5024 -2.32E-05 2.31E-05 
5652 -1 .48E-05 9.62E-06 
6280 -1.09E-05 5.10E-06 
6908 -8.51E-06 3.05E-06 
7536 -6.91E-06 1.97E-06 
8164 -5.75E-06 1.34E-06 
8792 -4.87E-06 9.47E-07 
9420 -4.19E-06 6.92E-07 
10048 -3.64E-06 5.19E-07 
10676 -3.20E-06 3.97E-07 
11304 -2.84E-06 3.1OE-07 
11932 -2.53E-06 2.46E-07 























Frequency - Gap chart (up to 500 Hz) 
1.50E-04 
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Title: GAP PREDICTION FOR 5-BALL COMPLEMENT (using non-linear stiffness) at 25g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31 -1 0-2003 
Input data 
Shaft assembly mass total (m 1 ) 	 1.9 	 kg 
Outer housing assembly mass total (m 2) 	 0.783 	 kg 
Input acceleration (a) 	 245.25 	 mIs2 
Input force (F) 	 658.0 	 N 
Stiffness (k) 	 1 .08E+07 	 NIm 
Frequency - Gap graph using non-linear stiffness for S-ball 
complement at 25g acceleration 
frequency angular velocity amplitude amplitude Gap 
f (Hz) w(radls) A1 (m) A2 (m) D(m) 
100 628 -6.17E-04 -6.35E-04 1.81E-05 
200 1256 -1.50E-04 -1.69E-04 1.93E-05 
300 1884 -6.27E-05 -8.45E-05 2.17E-05 
400 2512 -3.12E-05 -5.75E-05 2.63E-05 
500 3140 -1.44E-05 -5.04E-05 3.60E-05 
600 3768 1 .87E-06 -6.37E-05 6.56E-05 
700 4396 6.50E-04 -1 .62E-03 2.27E-03 
800 5024 -2.73E-05 3.28E-05 -6.01E-05 
900 5652 -1.58E-05 1.20E-05 -2.78E-05 
1000 6280 -1.13E-05 6.07E-06 -1.73E-05 
1100 6908 -8.72E-06 3.54E-06 -1.23E-05 
1200 7536 -7.03E-06 2.25E-06 -9.28E-06 
1300 8164 -5.82E-06 1.52E-06 -7.34E-06 
1400 8792 4.92E-06 1 .07E-06 -5.99E-06 
1500 9420 -4.22E-06 7.77E-07 -5.00E-06 
1600 10048 -3.67E-06 5.81E-07 -4.25E-06 
1700 10676 -3.22E-06 4.43E-07 -3.66E-06 
1800 11304 -2.85E-06 3.45E-07 -3.20E-06 
1900 11932 -2.54E-06 2.73E-07 -2.82E-06 
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Title: GAP PREDICTION COMPARISSON FOR 5-BALL COMPLEMENT at 259 acceleration 
Autor: PAPAKONSTANTINOLJ ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 	 1.9 	 kg 
Outer housing assembly mass total (m 2) 	 0.783 	 kg 
Input acceleration (a) 	 245.25 	 mIs 2 
Input force (F) 	 658.0 	 N 
frequency angular velocity CABARET Gap Non-linear GAP measured I measured 2 measured 3 mean measured gap 
f (Hz) w(radls) 0(m) 0(m) D(m) D(m) 0(m) D(m) 
100 628 1.99E-05 181E-05 2.19E-05 1.26E-05 1.94E-05 1.80E-05 
200 1256 2.14E-05 1.93E-05 2.00E-05 2.01E-05 1.73E-05 1.91E-05 
300 1884 2.44E-05 2.17E-05 3.14E-05 3.27E-05 3.05E-05 3.16E-05 
400 2512 3.02E-05 2.63E-05 1.53E-05 1.56E-05 1.50E-05 1.53E-05 
500 3140 4.38E-05 3.60E-05 2.15E-05 2.01E-05 2.02E-05 2.06E-05 
Gapping prediction comparisson graph for 5-ball 
complement at 25g acceleration 
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Title: GAP PREDICTION FOR 9-BALL COMPLEMENT (using CABARET stiffness) 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31 -1 0-2003 
Input data 
Shaft assembly mass total (m 1 ) 
Outer housing assembly mass total (m 2 ) 
Input acceleration (a) 

























































A1 (m) A2 (m) 
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Title: GAP PREDICTION FOR 9-BALL COMPLEMENT (using non-linear stiffness) 
Autor: PAPAKONSTANTINQU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 kg 
Outer housing assembly mass total (m 2 ) 0.783 kg 
Input acceleration (a) 196.2 rn/s2 
Input force (F) 526.4 N 
Stiffness (k) 14800000 N/rn 
Frequency - Gap graph using non-linear stiffness at 
20g acceleration 
frequency angular velocity amplitude amplitude Gap 
f (Hz) w(rad/s) A1 (m) A2 (m) D(m) 
100 628 -4.94E-04 -5.05E-04 1 .05E-05 
200 1256 -1.21E-04 -1.32E-04 1.10E-05 
300 1884 -5.18E-05 -6.38E-05 1 .20E-05 
400 2512 -2.71E-05 -4.07E-05 1.36E-05 
500 3140 -1.51E-05 -3.16E-05 1.65E-05 
600 3768 -7.35E-06 -2.95E-05 2.22E-05 
700 4396 8.24E-07 -3.68E-05 3.76E-05 
800 5024 4.80E-05 -1 .43E-04 1.91 E-04 
900 5652 -2.15E-05 3.12E-05 -5.27E-05 
1000 6280 -1.13E-05 1.04E-05 -2.17E-05 
1100 6908 -7.96E-06 5.22E-06 -1.32E-05 
1200 7536 -6.14E-06 3.06E-06 -9.20E-06 
1300 8164 -4.97E-06 1.97E-06 -6.93E-06 
1400 8792 -4.14E-06 1.34E-06 -5.47E-06 
1500 9420 -3.51E-06 9.51E-07 -4.47E-06 
1600 10048 -3.03E-06 6.98E-07 -3.73E-06 
1700 10676 -2.65E-06 5.26E-07 -3.17E-06 
1800 11304 -2.34E-06 4.05E-07 -2.74E-06 
1900 11932 -2.08E-06 3.18E-07 -2.39E-06 
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frequency CABARET Gap 
f (Hz) (m) 
100 9.49E-06 
200 9.90E-06 
300 1 .06E-05 
400 1.19E-05 
500 1.41 E-05 

















Title: GAP PREDICTION COMPARISSON FOR 9-BALL COMPLEMENT at 20g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 	 kg 
Outer housing assembly mass total (m 2) 0.783 	 kg 
Input acceleration (a) 196.2 	 mIs 2 
Input force (F) 526.4 	 N 
frequency angular velocity CABARET Gap Non-linear GAP measured I measured 2 measured 3 mean measured gap 
f (Hz) w(radls) D(m) D(m) D(m) D(m) D(m) D(m) 
100 628 9.49E-06 1 .05E-05 8.52E-06 1 .30E-05 9.73E-06 1 .04E-05 
200 1256 9.90E-06 1.10E-05 1.17E-05 1.09E-05 1.28E-05 1.18E-05 
300 1884 1.06E-05 1.20E-05 1.87E-05 1.69E-05 1.81E-05 1.79E-05 
400 2512 1.19E-05 1.36E-05 1.25E-05 1.27E-05 1.18E-05 1.23E-05 
500 3140 1.41E-05 1.65E-05 1.27E-05 1.30E-05 1.30E-05 1.29E-05 
600 3768 1 .80E-05 2.22E-05 1 .48E-05 1.61 E-05 1 .55E-05 1 .55E-05 
Title: GAP PREDICTION FOR 9-BALL COMPLEMENT (using CABARET stiffness) at 25g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 kg 
Outer housing assembly mass total (m 2 ) 0.783 kg 
Input acceleration (a) 245.25 mIs2 
Input force (F) 658.0 N 
Stiffness (k) 16400000 NIm 
frequency angular velocity amplitude amplitude Gap 
f (Hz) w(rad/s) A1 (m) A2 (m) D(m) 
100 628 -6.18E-04 -6.30E-04 1.19E-05 
200 1256 -1.52E-04 -1.64E-04 1.24E-05 
300 1884 -6.52E-05 -7.85E-05 1.33E-05 
400 2512 -3.45E-05 -4.94E-05 1.49E-05 
500 3140 -1.97E-05 -3.73E-05 1.76E-05 
600 3768 -1 .07E-05 -3.32E-05 2.25E-05 
700 4396 -2.83E-06 -3.66E-05 3.38E-05 
800 5024 1 .36E-05 -6.63E-05 7.99E-05 
900 5652 -5.04E-05 9.59E-05 -1 .46E-04 
1000 6280 -1.65E-05 1.87E-05 -3.51E-05 
1100 6908 -1.07E-05 8.38E-06 -1.91E-05 
1200 7536 -8.03E-06 4.69E-06 -1 .27E-05 
1300 8164 -6.41E-06 2.94E-06 -9.34E-06 
1400 8792 -5.29E-06 1 .97E-06 -7.26E-06 
1500 9420 -4.47E-06 1 .38E-06 -5.85E-06 
1600 10048 -3.84E-06 1.01 E-06 -4.85E-06 
1700 10676 -3.35E-06 7.54E-07 -4.1OE-06 
1800 11304 -2.95E-06 5.78E-07 -3.53E-06 
1900 11932 -2.62E-06 4.52E-07 -3.07E-06 
2000 12560 -2.34E-06 3.59E-07 -2.70E-06 
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Title: GAP PREDICTION FOR 9-BALL COMPLEMENT (using non-linear stiffness) at 25g acceleration 
Autor: PAPAKONSTANTINO(J ANTONIOS 
Date: 31 -1 0-2003 
Input data 
Shaft assembly mass total (m 1 ) 
Outer housing assembly mass total (m 2) 
Input acceleration (a) 












Frequency - Gap graph using non-linear stiffness at 
20g acceleration 
frequency angular velocity 
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1.97E-05 -8.11E-05 
-3.86E-05 6.73E-05 
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Title: GAP PREDICTION COMPARISSON FOR 9-BALL COMPLEMENT at 25g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 	 kg 
Outer housing assembly mass total (m 2) 0.783 	 kg 
Input acceleration (a) 294.3 	 mIs 2 
Input force (F) 789.6 	 N 
frequency angular velocity CABARET Gap Non-linear GAP measured I measured 2 measured 3 mean measured gap 
f (Hz) w(radls) D(m) D(m) D(m) D(m) D(m) D(m) 
100 628 1.19E-05 1.22E-05 1.09E-05 8.84E-06 1.11E-05 1.03E-05 
200 1256 1 .24E-05 1 .28E-05 1 .45E-05 1 .64E-05 1 .68E-05 1 .59E-05 
300 1884 1.33E-05 1.38E-05 2.26E-05 2.36E-05 2.35E-05 2.32E-05 
400 2512 1 .49E-05 1 .55E-05 1 .42E-05 1 .40E-05 1 .52E-05 1 .44E-05 
500 3140 1 .76E-05 1 .84E-05 1 .49E-05 1 .62E-05 1 .56E-05 1 .56E-05 
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complement at 25g acceleration 
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Title: GAP PREDICTION FOR 9-BALL COMPLEMENT (using CABARET stiffness) at 30g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 kg 
Outer housing assembly mass total (m 2 ) 0.783 kg 
Input acceleration (a) 294.3 mIs2 
Input force (F) 789.6 N 
Stiffness (k) 16400000 N/m 
frequency angular velocity amplitude amplitude Gap 
f (Hz) w(rad/s) A1 (m) A2 (m) D(m) 
100 628 -7.42E-04 -7.56E-04 1.42E-05 
200 1256 -1.82E-04 -1.97E-04 1.48E-05 
300 1884 -7.83E-05 -9.42E-05 1.60E-05 
400 2512 -4.14E-05 -5.93E-05 1.79E-05 
500 3140 -2.37E-05 -4.48E-05 2.11E-05 
600 3768 -1 .28E-05 -3.99E-05 2.70E-05 
700 4396 -3.40E-06 -4.39E-05 4.05E-05 
800 5024 1 .63E-05 -7.95E-05 9.58E-05 
900 5652 -6.04E-05 1.15E-04 -1.75E-04 
1000 6280 -1.98E-05 2.24E-05 -4.21E-05 
1100 6908 -1.29E-05 1.01E-05 -2.29E-05 
1200 7536 -9.64E-06 5.63E-06 -1 .53E-05 
1300 8164 -7.69E-06 3.52E-06 -1.12E-05 
1400 8792 -6.35E-06 2.36E-06 -8.71E-06 
1500 9420 -5.37E-06 1 .66E-06 -7.02E-06 
1600 10048 -4.61E-06 1.21E-06 -5.82E-06 
1700 10676 -4.02E-06 9.05E-07 -4.92E-06 
1800 11304 -3.54E-06 6.94E-07 -4.23E-06 
1900 11932 -3.14E-06 5.42E-07 -3.68E-06 
2000 12560 -2.81E-06 4.30E-07 -3.24E-06 
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Title: GAP PREDICTION FOR 9-BALL COMPLEMENT (using non-linear stiffness) at 30g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31 -1 0-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 kg 
Outer housing assembly mass total (m 2 ) 0.783 kg 
Input acceleration (a) 294.3 mIs2 
Input farce (F) 789.6 N 
Stiffness (k) 16900000 NIm 
Frequency - Gap graph using non-linear stiffness at 
20g acceleration 
frequency angular velocity amplitude amplitude Gap 
f (Hz) w(rad/s) A 1 (m) A2 (m) D(m) 
100 628 -7.42E-04 -7.56E-04 I .38E-05 
200 1256 -1.82E-04 -1.97E-04 1.44E-05 
300 1884 -7.84E-05 -9.38E-05 1.54E-05 
400 2512 -4.16E-05 -5.88E-05 1.72E-05 
500 3140 -2.40E-05 4.41E-05 2.02E-05 
600 3768 -1 .33E-05 -3.88E-05 2.55E-05 
700 4396 -4.36E-06 -4.16E-05 3.73E-05 
800 5024 1.15E-05 -6.78E-05 7.93E-05 
900 5652 -9.19E-05 1.91 E-04 -2.83E-04 
1000 6280 -2.10E-05 2.54E-05 -4.64E-05 
1100 6908 -1.32E-05 1.09E-05 -2.41E-05 
1200 7536 -9.79E-06 6.00E-06 -1.58E-05 
1300 8164 -7.77E-06 3.72E-06 -1.15E-05 
1400 8792 -6.40E-06 2.48E-06 -8.88E-06 
1500 9420 -5.40E-06 1 .74E-06 -7.1 3E-06 
1600 10048 -4.64E-06 1.26E-06 -5.90E-06 
1700 10676 4.03E-06 9.43E-07 -4.98E-06 
1800 11304 -3.55E-06 7.21E-07 -4.27E-06 
1900 11932 -3.15E-06 5.63E-07 -3.71E-06 
2000 12560 -2.82E-06 4.47E-07 -3.27E-06 
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Title: GAP PREDICTION COMPARISSON FOR 9-BALL COMPLEMENT at 30g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 	 1.9 	 kg 
Outer housing assembly mass total (m 2) 	 0.783 	 kg 
Input acceleration (a) 
	 294.3 	 mIs2 
Input force (F) 	 789.6 	 N 
frequency angular velocity CABARET Gap Non-linear GAP measured I measured 2 measured 3 mean measured gap 
f (Hz) w(rad/s) D(m) D(m) D(m) D(m) D(m) D(m) 
100 628 1.42E-05 1.38E-05 1.16E-05 1.12E-05 1.96E-05 1.41E-05 
200 1256 1.48E-05 1.44E-05 1.75E-05 1.77E-05 1.76E-05 1.76E-05 
300 1884 1.60E-05 1.54E-05 2.13E-05 2.44E-05 2.91E-05 2.49E-05 
400 2512 1.79E-05 1.72E-05 1.75E-05 1.69E-05 1.69E-05 1.71E-05 
500 3140 2.11E-05 2.02E-05 1.83E-05 1.94E-05 1.81E-05 1.86E-05 
600 3768 2.70E-05 2.55E-05 2.07E-05 2.35E-05 2.14E-05 2.19E-05 
Gapping prediction comparisson gap for 9-ball 
complement at 30g acceleration frequency CABARET Gap 
100 9.49E-06 
200 9.90E-06 
300 1 .06E-05 
400 1.19E-05 
500 1.41 E-05 
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Title: GAP PREDICTION FOR 14-BALL COMPLEMENT (using CABARET stiffness) at 20g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 kg 
Outer housing assembly mass total (m 2 ) 0.783 kg 
Input acceleration (a) 196.2 mIs2 
Input force (F) 526.4 N 
Stiffness (k) 26000000 NIm 
frequency angular velocity amplitude amplitude Gap 
f (Hz) w(radls) A1 (m) A2 (m) D(m) 
100 628 -4.96E-04 -5.02E-04 5.96E-06 
200 1256 -1.23E-04 -1.29E-04 6.11E-06 
300 1884 -5.34E-05 -5.98E-05 6.39E-06 
400 2512 -2.91E-05 -3.59E-05 6.83E-06 
500 3140 -1.77E-05 -2.52E-05 7.48E-06 
600 3768 -1.13E-05 -1.98E-05 8.47E-06 
700 4396 -7.22E-06 -1.73E-05 1.01E-05 
800 5024 -4.04E-06 -1 .68E-05 1 .28E-05 
900 5652 -7.32E-07 -1 .93E-05 1 .85E-05 
1000 6280 5.88E-06 -3.13E-05 3.72E-05 
1100 6908 -1.01E-04 2.32E-04 -3.34E-04 
1200 7536 -1.16E-05 1.64E-05 -2.80E-05 
1300 8164 -7.04E-06 6.98E-06 -1.40E-05 
1400 8792 -5.20E-06 3.91E-06 -9.11E-06 
1500 9420 -4.14E-06 2.48E-06 -6.62E-06 
1600 10048 -3.44E-06 1.69E-06 -5.12E-06 
1700 10676 -2.93E-06 1.20E-06 -4.13E-06 
1800 11304 -2.54E-06 8.90E-07 -3.43E-06 
1900 11932 -2.22E-06 6.77E-07 -2.90E-06 
2000 12560 -1.97E-06 5.26E-07 -2.50E-06 
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Title: GAP PREDICTION FOR 14-BALL COMPLEMENT (using non-linear stiffness) at 20g acceleration 
Autor: PAPAXONSTANTINOU ANTONIOS 
Date: 31.1 0-2003 
Input data 
Shaft assembly mass total (m 1 ) 
Outer housing assembly mass total (m 2 ) 
Input acceleration (a) 












Frequency - Gap graph using non-linear stiffness for 
14-ball complement at 20g acceleration 
frequency angular velocity 






















A1 (m) A2 (m) 
4.95E-04 -5.03E-04 
-1 .22E-04 -1 .30E-04 
-5.28E-05 -6.14E-05 
-2.83E-05 -3.78E-05 
-1 .68E-05 -2.75E-05 
-1.01 E-05 -2.29E-05 
-5.22E-06 -2.21 E-05 
-4.91 E-08 -2.65E-05 
I .53E-05 -5.83E-05 
-2.67E-05 4.76E-05 




-3.74E-06 1 .49E-06 
-3.1 8E-06 1 .06E-06 
-2.75E-06 7.85E-07 
-2.41 E-06 5.95E-07 
-2.14E-06 4.61 E-07 





























0 	 100 	 200 	 300 	 400 	 500 	 600 	 700 
Frequency (Hz) 
Frequency - Gap graph using non-linear stiffness for 14-ball 










I 	 I 
5 	 I 1001500 	 zUUu, 	 2 
w 	 I 



















Gapping prediction comparisson graph for 14-ball 
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Title: GAP PREDICTION COMPARISSON FOR 14-BALL COMPLEMENT at 20g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 	 kg 
Outer housing assembly mass total 02) 0.783 	 kg 
Input acceleration (a) 245.25 	 mIs2 
Input force (F) 658.0 	 N 
frequency angular velocity CABARET Gap Non-linear GAP measured I measured 2 measured 3 mean measured gap 
f (Hz) w(rad!s) D(m) D(m) D(m) D(m) D(m) D(m) 
100 628 5.96E-06 7.85E-06 4.59E-06 5.01E-06 4.09E-06 4.56E-06 
200 1256 6.11E-06 8.12E-06 6.41E-06 1.12E-05 1.07E-05 9.44E-06 
300 1864 6.39E-06 8.62E-06 7.24E-06 6.84E-06 6.90E-06 6.99E-06 
400 2512 6.83E-06 9.42E-06 1.04E-05 6.82E-06 8.69E-06 8.62E-06 
500 3140 7.48E-06 1.07E-05 2.76E-05 2.79E-06 3.09E-06 2.94E-06 
600 8.47E-06 1 .29E-05 5.44E-06 5.48E-06 5.37E-06 5.43E-06 
Title: GAP PREDICTION FOR 14-BALL COMPLEMENT (using CABARET stiffness) at 25g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (rn 1 ) 1.9 kg 
Outer housing assembly mass total (m 2 ) 0.783 kg 
Input acceleration (a) 245.25 mis2 
Input force (F) 658.0 N 
Stiffness (k) 26000000 N/rn 
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Frequency (Hz) 
frequency angular velocity amplitude amplitude Gap 
f (Hz) w(rad/s) A1 (m) A2 (m) D(m) 
100 628 -6.20E-04 -6.27E-04 7.45E-06 
200 1256 -1.53E-04 -1.61E-04 7.64E-06 
300 1884 -6.68E-05 -7.48E-05 7.99E-06 
400 2512 -3.64E-05 -4.49E-05 8.53E-06 
500 3140 -2.21E-05 -3.15E-05 9.35E-06 
600 3768 -1 .42E-05 -2.48E-05 1 .06E-05 
700 4396 -9.02E-06 -2.1 6E-05 1 .26E-05 
800 5024 -5.05E-06 -2.10E-05 1.60E-05 
900 5652 -9.14E-07 -2.41E-05 2.32E-05 
1000 6280 7.35E-06 -3.91E-05 4.65E-05 
1100 6908 -1.27E-04 2.90E-04 -4.17E-04 
1200 7536 -1.45E-05 2.05E-05 -3.50E-05 
1300 8164 -8.79E-06 8.73E-06 -1.75E-05 
1400 8792 -6.50E-06 4.89E-06 -1.14E-05 
1500 9420 -5.18E-06 3.10E-06 -8.28E-06 
1600 10048 -4.30E-06 2.11E-06 -6.40E-06 
1700 10676 -3.66E-06 1.50E-06 -5.16E-06 
1800 11304 -3.17E-06 1.11E-06 -4.28E-06 
1900 11932 -2.78E-06 8.46E-07 -3.63E-06 
2000 12560 -2.47E-06 6.58E-07 -3.12E-06 
Frequency - Gap chart (up to 2 MHz) 
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Title: GAP PREDICTION FOR 9-BALL COMPLEMENT (using non-linear stiffness) at 25g acceleration 
Autor: PAPAKONSTANTINOLJ ANTONIOS 
Date: 31 -1 0-2003 
Input data 
Shaft assembly mass total (m 1 ) 
Outer housing assembly mass total (m 2 ) 
Input acceleration (a) 












Frequency - Gap graph using non-linear stiffness for 
14-ball complement at 25g acceleratIon 
frequency angular velocity 
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Title: GAP PREDICTION COMPARISSON FOR 14-BALL COMPLEMENT at 25g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 	 1.9 	 kg 
Outer housing assembly mass total (m 2 ) 	 0.783 	 kg 
Input acceleration (a) 	 245.25 	 mIs2 
Input force (F) 	 658.0 	 N 
frequency angular velocity CABARET Gap Non-linear GAP measured I measured 2 measured 3 mean measured gap 
f (Hz) w(rad/s) D(m) D(m) D(m) D(m) D(m) D(m) 
100 628 7.45E-06 9.07E-06 1.84E-06 1.11E-06 2.55E-06 1.83E-06 
200 1256 7.64E-06 9.36E-06 1.30E-05 1.23E-05 1.33E-05 1.29E-05 
300 1884 7.99E-06 9.88E-06 8.35E-06 8.59E-06 8.00E-06 8.31 E-06 
400 2512 8.53E-06 1.07E-05 9.87E-06 1.09E-05 6.94E-06 9.24E-06 
500 3140 9.35E-06 1.21E-05 4.38E-06 3.16E-06 4.08E-06 3.87E-06 
600 7.21 E-06 7.23E-06 7.45E-06 7.30E-06 
Gapping prediction comparisson graph for 14-ball 
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Title: GAP PREDICTION FOR 14-BALL COMPLEMENT (using CABARET stiffness) at 30g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 kg 
Outer housing assembly mass total (m 2) 0.783 kg 
Input acceleration (a) 294.3 mIs2 
Input force (F) 789.6 N 
Stiffness (k) 26000000 NIm 
frequency angular velocity amplitude amplitude Gap 
f (Hz) w(rad/s) A1 (m) A2 (m) D(m) 
100 628 -7.44E-04 -7.53E-04 8.94E-06 
200 1256 -1.84E-04 -1.93E-04 9.17E-06 
300 1884 -8.01E-05 -8.97E-05 9.59E-06 
400 2512 -4.37E-05 -5.39E-05 1.02E-05 
500 3140 -2.66E-05 -3.78E-05 1.12E-05 
600 3768 -1 .70E-05 -2.97E-05 1 .27E-05 
700 4396 -1 .08E-05 -2.59E-05 1.51 E-05 
800 5024 -6.06E-06 -2.53E-05 1 .92E-05 
900 5652 -1.10E-06 -2.89E-05 2.78E-05 
1000 6280 8.81E-06 -4.70E-05 5.58E-05 
1100 6908 -1.52E-04 3.48E-04 -5.00E-04 
1200 7536 -1 .74E-05 2.45E-05 -4.20E-05 
1300 8164 -1.06E-05 1.05E-05 -2.10E-05 
1400 8792 -7.80E-06 5.87E-06 -1 .37E-05 
1500 9420 -6.21 E-06 3.72E-06 -9.93E-06 
1600 10048 -5.16E-06 2.53E-06 -7.69E-06 
1700 10676 -4.39E-06 1.80E-06 -6.19E-06 
1800 11304 -3.80E-06 1.34E-06 -5.14E-06 
1900 11932 -3.34E-06 1 .02E-06 -4.35E-06 
2000 12560 -2.96E-06 7.89E-07 -3.75E-06 
Frequency - Gap chart (up to 500 Hz) 
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Title: GAP PREDICTION FOR 14-BALL COMPLEMENT (using non-linear stiffness) at 30g acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 
Outer housing assembly mass total (m 2 ) 
Input acceleration (a) 












Frequency - Gap graph using non-linear stiffness for 
14-ball complement at 30g acceleration 
frequency angular velocity 
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Title: GAP PREDICTION COMPARISSON FOR 14-BALL COMPLEMENT at 309 acceleration 
Autor: PAPAKONSTANTINOU ANTONIOS 
Date: 31-10-2003 
Input data 
Shaft assembly mass total (m 1 ) 1.9 	 kg 
Outer housing assembly mass total 02) 0.783 	 kg 
Input acceleration (a) 245.25 	 mIs2 
Input force (F) 658.0 	 N 
frequency angular velocity CABARET Gap Non-linear GAP measured I measured 2 measured 3 mean measured gap 
f (Hz) w(radls) D(m) D(m) D(m) D(m) D(m) D(m) 
100 628 8.94E-06 1.09E-05 2.16E-06 3.48E-06 3.96E-06 3.20E-06 
200 1256 9.17E-06 1.12E-05 1.37E-05 1.31E-05 1.16E-05 1.28E-05 
300 1884 9.59E-06 1.1 9E-05 9.88E-06 9.59E-06 9.87E-06 9.78E-06 
400 2512 1.02E-05 1.29E-05 1.47E-05 105E-05 1.08E-05 1.20E-05 
500 3140 1.12E-05 1.45E-05 6.65E-06 5.48E-06 5.65E-06 5.93E-06 
600 1 .27E-05 1 .70E-05 9.38E-06 9.23E-06 9.44E-06 9.35E-06 
COLLISION ANALYSIS FOR 9-BALL COMPLEMENT 
Input acce Applied Fc rn/s M1sA2 N GPA 
(g) 	 N Veq Aeq Fimp Stress 
5 132 0.03 45 49 2.493 
10 263 0.07 219 243 4.238 
15 395 0.11 581 645 5.868 
20 526 0.16 1178 1307 7.426 
25 658 0.21 2050 2274 8.931 
30 790 0.27 3234 3587 10.397 
35 921 0.33 4764 5284 11.830 
40 1053 0.39 6673 7402 13.237 
45 1184 0.45 8992 9973 14.620 
50 1316 0.51 11749 13032 15.984 
55 1448 0.58 14974 16608 17.329 
60 1579 0.65 18692 20733 18.659 
65 1711 0.72 22932 25435 19.975 
70 1842 0.79 27717 30743 21.278 
75 1974 0.86 33074 36684 22.568 
80 2106 0.93 39026 43286 23.848 
85 2237 1.01 45596 50574 25.118 
90 2369 1.09 52809 58574 26.378 
95 2500 1.17 60686 67311 27.629 
100 2632 1.25 69250 76810 28.872 
o 
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